The Bell System Technical Journal 


Devoted to the Sctentific and Engineering Aspects 
of Electrical Communication 


EDITORIAL BOARD 


J. J. Carty Bancroft Gherardi F. B. Jewett 
E. B. Craft L. F. Morehouse O. B. Blackwell 
H. P. Charlesworth E. H. Colpitts 
R. W. King —-Editor 


Published quarterly by the American Telephone and Telegraph Company, 
through its Information Department, in behalf of the Western Electric 
Company and the Associated Companies of the Bell System 


Address all correspondence to the Editor 
Information Department 
AMERICAN TELEPHONE AND TELEGRAPH COMPANY 
195 BROADWAY, NEW YORK, N. Y. 
. Per Copy Copyright, 1922 $1.50 Per Year 





.I NOVEMBER, 1922 No. 2 








Physical Theory of the Electric Wave-Filter 


By GEORGE A. CAMPBELL 


Note: The electric wave-filter, an invention of Dr. Campbell, is one of the 
most important of present day circuit developments, being indispensable 
in many branches of electrical communication. It makes possible the 
separation of a broad band of frequencies into narrow bands in any desired 
manner, and as will be gathered from the present article, it effects the 
separation much more sharply than do tuned circuits. As the communica 
tion art develops, the need will arise to transmit a growing number of tele- 
phone and telegraph messages on a given pair of line wires and a grow- 
ing number of radio messages through the ether, and the filter will prove 
increasingly useful in coping with this situation. The filter stands beside 
the vacuum tube as one of the two devices making carrier telegraphy and 
telephony practicable, being used in standard carrier equipment to separate 
the various carrier frequencies. It is a part of every telephone repeater 
set, cutting out and preventing the amplification of extreme line frequencies 
for which the line is not accurately balanced by its balancing network. 
It is being applied to certain types of composited lines for the separation 
of the d.c. Morse channels from the telephone channel. It is finding many 
applications to radio of which multiplex radio is an illustration. The filter 
is also being put to numerous uses in the research laboratory. 

The present paper is the first of a series on the electric wave-filter to 
be contributed to the Technical Journal by various authors. Being an 
introductory paper the author has chosen to discuss his subject from a 
physical rather than mathematical point of view, the fundamental char- 
acteristics of filters being deduced by purely physical reasoning and the 
derivation of formulas being left to a mathematical appendix.—Editor. 





HE purpose of this paper is to present an elementary, physical 

explanation of the wave-filter as a device for separating sin- 

usoidal electrical currents of different frequencies. The discussion 
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will be general, and will not involve assumptions as to the detailed 
construction of the wave-filter; but in order to secure a certain nu- 


merical concreteness, Curves for some simple wave-filters will be in- 
cluded. The formulas emploved in calculating these curves are 
special cases of the general formulas for the wave-filters which are, 
in conclusion, deduced by the method employed in the physical 
theory. 

All the physical facts which are to be presented in this paper, 
together with many others, are implicitly contained in the compact 
formulas of the appendix. Although only comparatively few words 
of explanation are required to derive these formulas, they will not be 
presented at the start, since the path of least resistance is to rely 
implicitly upon formulas for results, and ignore the troublesome ques- 
tion as to the physical explanation of the wave-filter. In order to 
examine directly the nature of the wave-filter in itself, as a physical 
structure, we proceed as though these formulas did not exist. 

It is intended that the present paper shall serve as an introduction 
to important papers by others in which such subjects as transients on 
wave-filters, specialized types of wave-filters, and the practical design 
of the most efficient types of wave-filters will be discussed. ! 


DEFINITION OF WAVE-FILTER 


A wave-filter 1s a device for separating waves characterized by a dif- 
ference in frequency. Thus, the wave-filter differentiates between 
certain states of motion and not between certain kinds of matter, 
as does the ordinary filter. One form of wave-filter which is well 
known is the color screen which passes only certain bands of light 
frequencies; diffraction gratings and Lippmann color photographs 
also filter light. Wave-filters might be constructed and employed 
for separating air waves, water waves, or waves in solids. This 
paper will consider only the filtering of electric waves; the same 
principles apply in every case, however. 

In its usual form the electric wave-filter transmits currents of all 
frequencies lying within one or more specified ranges, and excludes 
currents of all other frequencies, but does not absorb the energy of 
these excluded frequencies. Hence, a combination of two or more 
wave-filters may be employed where it is desired to separate a broad 
band of frequencies, so that each of several receiving devices is sup- 

‘1 take pleasure in acknowledging my indebtedness to Mr. O. J. Zobel for specific 
suggestions, and for the light thrown on the whole subject of wave-filters by his 


introduction of substitutions which change the propagation constant without chang- 
ing the iterative impedance. 
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plied with its assigned narrower range of frequencies. Thus, for 


instance, with three wave-filters the band of frequencies necessary 
for ordinary telephony might be transmitted to one receiving device, 
all lower frequencies transmitted to a second device, and all higher 
frequencies transmitted to a third device--separation being made 
without serious loss of energy in any one of the three bands. 

By means of wave-filters interference between different circuits or 
channels of communication in telephony and telegraphy, both wire and 
radio, can be reduced provided they operate at different frequencies. 
The method is furthermore applicable; at least theoretically, to the 
reduction of interference between power and communication circuits. 
The same is true of the simultaneous use of the ether, the earth return, 
and of expensive pieces of apparatus employed for several power or 
communication purposes. In all cases the principle involved is the 
same as that of confining the transmission in each circuit or channel 
to those frequencies which serve a useful purpose therein and exclud- 
ing or suppressing the transmission of all other frequencies. In the 
future, as the utility of electrical applications becomes more widely 
and completely appreciated, there will be an imperative necessity 
for more and more completely superposing the varied applications of 
electricity; it will then be necessary, to avoid interference, to make 
the utmost use of every method of separating frequencies including 
balancing, tuning, and the use of wave-filters. 


DEFINITION OF ARTIFICIAL LINE 


The wave-filter problem in this paper is discussed as a phase of 
the artificial line problem, and it is desirable to start with a some- 
what generalized definition of the artificial line. The definition 
will, however, not include all wave-filters or all artificial lines, since 
a perfectly general definition is not called for here. Even if an ar- 
tificial line is to be, under certain wave conditions, an imitation of, 
or a substitute for, an actual line connecting distant points, hardly 
any limitation is thereby imposed upon the structure of the device; 
an actual line need not be uniform but may vary abruptly or gradually 
along its length and may include two, three, four or more transmis- 
sion conductors of which one may be the earth. Having indicated 
that wave-filters partake of somewhat this same generality of struc- 
ture, the present paper is restricted to wave-filters coming under 
the somewhat generalized artificial line specified by the following 
definition: 

An artificial line is a chain of networks connected together in sequence 
through two pairs of terminals, the networks being identical but other- 
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wise unrestricted. This generalized artificial line possesses the well- 
known sectional artificial line structure but it need not be an imita- 
tion of, or a substitute for, any known, real, transmission line con- 
necting together distant points. The general artificial line is shown 
by Fig. | where V, NV, are the identical unrestricted networks 
which may contain resistance, self-inductance, mutual inductance, 
and capacity. 

In discussing this type of structure as a wave-filter, the point of 
view of an artificial line is adopted for the reason that it is advan- 
tageous to regard the distribution of alternating currents as being 
dependent upon both propagation and terminal conditions, which 
are to be separately considered. In this way the attenuation, or 
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Fig. 1—Generalized Artificial Line as Considered in the Present Paper, where 
ae | eer ire Identical Arbitrary Electrical Networks 


falling off, of the current from section to section may be most directly 
studied. Terminal effects are not to be ignored, but are allowed 
for, after the desired attenuation effects have been secured, possibly 
by an increase in the number of sections to be employed. 

The fundamental property of this generalized artificial line, which 
includes uniform lines as a special case, is the mode in which the 
wave motion changes from one section to the next, and may be stated 
as follows: 

WAVE PROPAGATION THEOREM 


Upon an infinite artificial line a steady forced sinusoidal disturbance 
falls off exponentially from one section to the next, while the phase changes 
by a constant amount. Reversing the direction of propagation does 
not alter cither the attenuation or phase change. When complex quan- 
lities are employed the exponential includes the phase change.” This 
theorem is proved, without mathematical equations, by observing 

2 This theorem is not new, but it is ordinarily derived by means of differential or 
difference equations whereas it may be derived from the most elementary general 
considerations, thus avoiding all necessity of using differential or difference equa- 
tions, as illustrated in my paper “On Loaded Lines in Telephonic Transmission” 
(Phil. Mag., vol. 5, pp. 313-331, 1903). In that discussion, as well as in this present 
one, it is tacitly assumed that the line is either an actual line with resistance, or the 
limit of such a line as the resistance vanishes, so that the amplitude of the wave 
never increases towards the far end of an infinite line. 
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that the percentage reduction in amplitude and the change in phase, 
in passing from the end of one section to the corresponding point ot 
the next section, do not depend upon either the absolute amplitude 
or phase; they depend, instead, only upon the magnitudes, angles 
and interconnections of the impedances between the two points and 
of the impedances beyond the second point. These impedances 
are, since the line is assumed to be periodic and infinite, identically 
the same for corresponding points between all sections of the line, 
and, therefore, the relative changes in the wave will be identical at 
corresponding points in all sections. This proves the exponential 
falling off of the disturbance and the constancy of phase change; the 
ordinary reciprocal property shows that the wave will fall off identic- 
ally whichever be the direction of propagation. © By the superposition 
property it follows that the steady state on any finite portion of a 
periodic recurrent structure must be the sum of two equally attenuated 
disturbances, one propagated in each direction. 

The fundamental wave propagation theorem may be generalized 
for any periodic recurrent structure irrespective of the number and 
kind of connections between periodic sections, provided the dis- 
turbance is such as to remain similar to itself at corresponding points 


of each of these connections. 


EQUIVALENT GENERALIZED ARTIFICIAL LIN} 


Since, at a given frequency, any network emploved solely to con-, 
nect a pair of input terminals with a pair of output terminals may be 
replaced by either three star-connected impedances or three delta- 
connected impedances, the general artificial line of Fig. 1 may be 
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Fig. 2--Equivalent Artificial Line Obtained by Substituting Star Impedances 
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Fig. 3—Equivalent Artificial Line Obtained by Substituting Delta Impedances 
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replaced by the equivalent artificial line of either Fig. 2 or Fig. 3. 
By combining the series impedances in Fig. 2 and the parallel im- 
pedances in Fig. 3, the equivalent line in Fig. 4 1s obtainable. The 
two ways of arriving at Fig. 4 give different values for the series and 
shunt impedances Z;, Zs, and different terminations for the line, but 
the propagation of the wave is the same in both cases, since the assumed 
substitutions are rigorously exact. While Fig. 4 may be considered 
as the generalized artificial line equivalent to Fig. 1, this requires 
including in Z; and Z». impedances which cannot always be physically 
realized by means of two entirely independent networks, one of 
which gives Z; and the other Z.. This restriction is of no importance 
when we are discussing the behavior of the generalized artificial line 
at a single frequency; accordingly, the ladder artificial line is suitable 
for this part of the discussion. When we come to the more specific 
correlation of the behavior of the generalized artificial line at different 
frequencies, it will be found more convenient to replace the ladder 
artificial line by the lattice artificial line, which avoids the necessity 
of considering any impedances which are not individually physically 
realizable. 

The equivalence between Figs. 1 and 4 is implicitly based upon 
the assumption that it is immaterial, for artificial line uses, what 
absolute potentials the terminals 1, 2; 3, 4;.5, 6; ete. have —this leaves 
us at liberty to connect 2, 4, 6, etc., together, so long as we main- 
tain unchanged the differences in potential between | and 2, 3 and 4, 
etc. Instead of connecting 2 and 4 we might equally well connect 
2 and 3, and then Z; would connect 1 and 4 as in Fig. 5; with these 
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Equivalent Artificial Line with Crossed Impedances 
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cross-connections the propagation still remains unchanged. We have 


again obtained Fig. 4 with no circuit difference except the inter- 
change of terminals 3 and 7 with terminals + and 8; or, if this is ignored, 
a reversal in the sign of the current at alternate pairs of terminals. 
This shows that the reversal of the current in alternate sections of 
Fig. 4 may not be of primary significance, since networks which are 
essentially equivalent have reversed currents. 

In order to deal, at the start, with only the simpler terminal con- 
ditions, we may consider the line to begin with only one-half of the 
series impedance Z;, or only one-half of the bridged admittance 
1/Z».. These mid-points are called the mid-series and mid-shunt 
points; knowing the results of termination at either of these points, 
the effect of termination at any other point may be readily deter- 
mined. For Fig. 4 termination at mid-shunt has been chosen so 
that each section of the line adds a complete symmetrical mesh to 
the network. 

An alternator, introducing an impedance Z,, is shown as the source 
of the steady-state sinusoidal current in Fig. 4. Assume that the 
impedance Z, is variable at pleasure, and that it is gradually adjusted 
to make the total impedance in the generator circuit vanish, —in this 
case no e.m.f. will be required to maintain the forced steady-state 
which becomes a free oscillation. Hf, in addition, it is assumed that 
the line has an infinite number of sections, this required value of Z, 
will be the negative of the mid-shunt iterative impedance® of the ar- 


tificial line, which will be designated as A». The first shunt on the 
line now includes — Ky» in parallel with 272 so that its total impedance 
is, say, Z’= —2Z:Ky (2Z.—K.). The infinite line with its first 


shunt given the special value Z’ is thus capable of free oscillation. 

It is possible to simplify this infinite oscillating circuit by cutting 
off any part of it which has the same free period as the whole circuit. 
The entire infinite line bevond the second shunt 3, 4 certainly has 
this same free period, provided its first shunt also has the impedance 
Z’. Conceive the shunt Z» at 3, 4 as replaced by the four impedances 
222, 2Z2, + Ky and —Kz, all in parallel; the first and last, which 
together make the Z’ required by the infinite line, leave 22. and 

3’ The ‘iterative impedance” of an artificial line is the impedance which repeats 
itself when one or more sections of the artificial line are inserted between this im- 
pedance and the point of measurement. It is thus the impedance of an infinite 
length of any actual artificial line, regardless of the termination of the remote end 
of the line. In general, its value is different for the two directions of propagation, 
but not when the line is symmetrical, as at mid-series and mid-shunt. The values 
at these points are denoted by A, and Ke. “Iterative impedance”’ is employed 
because it is a convenient term which is distinctive and describes the most essential 
property of this impedance; it seems to be more appropriate than “‘characteristi 
impedance,” ‘‘surge impedance" and the other synonymis in use 
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+ Ky in parallel, which have the impedance 2” = +22.K»y (2Z2.+K2). 


Removing Z’ together with the infinite line on the right there remains 


on the left a closed circuit made up of the three impedances Z2,, 2’ 
and Z” in series. 

After the division, the infinite line on the right will continue, with- 
out modification, to oscillate freely, since it is an exact duplicate of 
the original oscillating line, and so must maintain the free oscillation 
already started. Since it oscillates freely by itself, it had originally 
no reaction upon the simple circuit from which it was separated; 
this simple circuit on the left must thus also continue its own free 
oscillations without change in period or phase. 

We might continue and subdivide the entire infinite line into 
identical simple circuits but it is sufficient to consider this one detached 
circuit, Which is shown separately in two ways by Fig. 6, since from 


V Z Ver V Z Ver 











Fig. 6 —-Equivalent Section of Fig. 4 Terminated for Free Oscillation 


its free oscillations the mathematical formulas for the steady-state 
propagation in the artificial line may be derived. This is deferred, 
however, until after the physical discussion is completed, so as to 
leave no room for doubt that the essentials of the physical theory 
are really deduced without the aid of mathematical formulas. 

The generalized artificial line, if made up entirely of pure resist- 
ances, Will attenuate all frequencies alike, and the entire wave will 
be in the same phase; this remains true, whatever be the impedance 
of the individual branch of the network, provided the ratio of the 
impedances of all branches is a constant independent of the frequency. 
This is precisely the condition to be avoided in a wave-filter; branches 
must not be similar but dissimilar as regards the variation of impedance 
with frequency. This calls for inductance and capacity with neg- 
ligible resistance, so that there is an opportunity for the positive 
reactance of one branch to react upon the negative reactance of 
another branch, in different) proportions at different frequencies. 
Assuming the unit network V of Fig. 1 to be made up of a finite 
number of pure reactances, the equivalent impedances Z, and Z» of 


Figs. 4 and 5 must also be pure reactances. Under this assumption 
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let us consider the free oscillations of Fig. 6; first, with Ay assumed 
to be a pure reactance; second, with Ay assumed to be a pure resist- 
ance; and third, in order to show that this third assumption is con- 
trary to fact, with A» assumed to be an impedance with both resist- 
ance and reactance. 

With AK» a reactance, the circuit contains nothing but reactances, 
and free oscillations are possible if, and only if, the total impedance 
of the circuit is zero. The end impedances Z’ and Z” being different, 
the potentials at the ends of the mesh will be different, and this means 
that the corresponding wave on the infinite line will be attenuated, 
since the ratio between these potentials is the rate at which the am- 
plitudes fall off per section. 

With K» a pure resistance, a free oscillation is pe ssible only if the 
dissipation in the positive resistance at the right end of the circuit 
is exactly made up by the hypothetical source of energy existing in 
the negative resistance — Ay» at the left end of the circuit. An exact 
balance between the energy supplied at one end and that lost at the 
other end is possible, since the equal positive and negative resistances 
Ky, —Ke carry equal currents. This continuous transfer of energy 
from the left of the oscillating circuit of Fig. 6 to the right end is the 
action which goes on in every section of the infinite artificial line, and 
serves to pass forward the energy along the infinite line. 

If As were complex, —Ays on the left of Fig. 6 and +A. on the 
right would not carry the same fraction of the circulating current J, 
since they are each shunted by a reactance 2Z2 which would allow 
less of the current to flow through +A. than through — Ke, if 22, 
makes the smaller angle with +A., and vice versa. No balance 
between absorbed and dissipated energy is possible under these con- 
ditions when the equal and opposite resistance components carry 
unequal currents. A complex Ay», therefore, gives no free oscilla- 
tion, and cannot occur with a resistanceless artificial line. 

It is perhaps more instructive to consider the transmission on the 
line as a whole, rather than to confine attention exclusively to the 
oscillations of the simple circuit of Fig. 6 and so, at this point, with- 
out following further the conclusions to be drawn directly from this 
oscillating circuit, the fundamental energy theorem of resistanceless 
artificial lines will be stated, and then proved as a property of an 
infinite artificial line. 


ENERGY FLOW THEOREM 


Upon an infinite line of periodic recurrent structure, and devoid of 
resistance, a sinusoidal e.m.f. produces one of two steady states, viz.: 
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1. A to-and-fro surging of energy without any resultant transfer 


of energy; currents and potential differences each attenuated from 
section to section, but everywhere in the same or opposite phase and 
mutually in quadrature, or, 


2. A continuous, non-attenuated flow of energy along the line 
to infinity with no energy surging between symmetrical sections; 
current and potential non-attenuated, but retarded or advanced in 
phase from section to section, and mutually in phase at mid-shunt 
and mid-series points. 


The critical frequencies separating the two states of motion are the 
totality of the resonant frequencies of the series impedance, the antt- 
resonant frequencies of the shunt impedance, and the resonant frequencies 
of a single mid-shunt section of the line. 


To prove the several statements of this theorem let us consider 
first the consequences of assuming that the wave motion, in progress- 
ing along the line, is attenuated, and next the consequences of assum- 
ing that the wave motion changes its phase. If the wave is atten- 
uated, however little, at a sufficient distance it becomes negligible, 
and the more remote portions of the line may be completely removed 
without appreciable effect upon the disturbance in the nearer portion 
of the line. That part of the line which then remains is a finite net- 
work of pure reactances, and in any such network all currents are 
always in the same, or opposite, phase; so, also, are the potential 
differences; moreover, the two are mutually in quadrature; there is 
no continuous accumulation of energy anywhere, but only an ex- 
change of energy back and forth between the inductances, the ca- 
pacities and the generator. Continuously varying the amount of 
the assumed attenuation will cause a continuous variation in the 
corresponding frequency. The motion of the assumed character 
may, therefore, be expected to occur throughout continuous ranges 
or bands of frequencies and not merely at isolated frequencies. 

The question may be asked—-How far does the energy surge? Is 
the surge localized in the individual section, or does the surge carry 
the energy back and forth over more than one section, or even in and 
out of the line as a whole? To answer this question, it would be 
necessary, as we will now proceed to prove, to know something about 
the actual construction of the individual section. If each section is 
actually made up as shown in Fig. 6, and this is entirely possible in 
the present case (since only positive and negative reactances would 
be called for), then the section is capable of free oscillation, as explained 
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above, and the surging is localized within the section; twice during 
each cycle the amount of energy increases on the right and decreases 
on the left. But we do not know that the section is made up like 
Fig. 6; we only know that it is equivalent to Fig. 6 as regards input 
and output relations. As far as these external relations go, the actual 
network may be made exclusively of either inductances or capacities 
with the connections shown in Fig. 4 or with the cross-connections 
of Fig. 5, according as the current is to have the same or opposite 
signs in consecutive sections. In any network made up exclusively 
of inductances or of capacities, the total energy falls to zero when 
the current or the potential falls to zero, respectively. Twice, there- 
fore, in every cycle the total energy surges into this line and then it 
all returns to the generator. With other networks, surgings inter- 
mediate between these two extremes will occur. The theorem, 
therefore, does not limit the extent of the surging. 

Under the second assumption, the phase difference between the 
currents at two given points, separated by a periodic interval, is to 
be an angle which is neither zero nor a multiple of +z. The assumed 
difference in phase can only be due to the infinite extension of the 
artificial line since, as previously noted, no finite sequence of induct- 
ances and capacities can produce any difference in phase. That 
infinite lines do produce phase differences is well-known; in particular, 
an infinite, uniform, perfectly conducting, metallic pair shows a 
continuous retardation in phase. If the infinitely remote sections 
of the artificial line are to have this controlling effect on the wave 
motion, the wave motion must actually extend to infinity, that is, 
there can be no attenuation. The wave progressing indefinitely to 
infinity without attenuation must be supplied continuously with 
energy; this energy must flow along the entire line with neither loss 
nor gain in the reactances it encounters on the way. This continuous 
flow of energy can take place only previded the currents and poten- 
tials are not in quadrature; they may be in phase. In considering 
the, free oscillations of Fig. 6 it was shown that A» is real if it is not 
pure reactance. That is, for the mid-shunt section the current and 
potential are in phase. It is easy to show that they are also in phase 
at the mid-series point which is also a point of symmetry. 

This flow-of-energy state of motion thus necessarily characterizes 
a phase-retarded wave on a resistanceless artificial line, regardless 
of the amount of the assumed positive or negative retardation, which 
may be taken to have any value between zero and exact opposition 
of phase. Continuously varving the retardation throughout the 180 
degrees will, in general, call for a continuous change in the frequency 
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of the wave motion. The second state of motion occurs, therefore, 
throughout continuous ranges or bands of frequencies. 

No other state of motion is possible. With given initial amplitude 
and phase any possible wave motion is completely defined by its 
attenuation and phase change. All possible combinations of these 
two elements have been included in the two states, since the excluded 
conditions on each assumption have been included as a consequence 
of the other assumption. Thus, the exclusion of no attenuation in 
the first assumption was found necessarily to accompany the phase 
change of the second assumption; currents in phase or opposed, 
which were excluded from the second assumption, were found to be 
necessary features accompanying the first assumption. There remains 
only to consider the critical frequencies separating the two states of 
motion. At these frequencies there can be no attenuation and lag 
angles of multiples of +7, including zero, only. At symmetrical 
points the iterative impedance of the line must bea pure reactance 
to satisfy the first state of motion, and a pure resistance to satisfy 
the second state of motion. The only iterative impedances which 
satisfy these conditions are zero and infinity. 

Some details relating to the pass and stop bands and _ the criti- 
cal frequencies are brought together in the following table, where 
“stop ( + )" refers to stop bands, the current being in phase or op- 
posed in successive sections, and where y and & refer to the line obtained 
by uniformly distributing 1 Z. with respect to 2). 


TABLE I. 
For Ladder Artificial Line, Fig. 4 


UNIFORM 
ARTIFICIAL LINE 






Critical Ratio LINE 
Band Assam ea 
| vy = 
¥Y k r e K, K; 
Stop (+ >0 +real | imag. +real O< <1 imag. | imag. 
Z,=0 0 0 7) 0 1 O 0 
Z. = @ 0 0 20 0 1 ao | 
Pass )>>—1 imag. | +real imag. e'8 +real |+real 
Zi +422 = ( —|] i2 12Z» in -1 0 a) 
Stop <=! imag. +real | tr + rea 1<<(/ imag. | imag. 
Z,;=@ 20 x 20 ) 0 00 222 
2 2 7] oa) ( 0 
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It is not necessary to check the table item by item, many of which 
have already been proven, but it will be instructive to check some of 
the items by assuming that Z;/4Z.2, called the ratio for brevity, is 
positive to begin with, and that a continuous increase in frequency 
reduces the ratio to zero and back through * & to its original posi- 
tive value. This cycle starts with a stop (+) band since the artificial 
line is in effect a network of reactances, all of which have the same 
sign; there is attenuation and the iterative impedances are imaginary. 
When the ratio decreases to zero, there must be either resonance 
which makes Z; = 0, or anti-resonance which makes Z. = «: in 
either case the artificial line has degenerated into a much simpler cir- 
cuit; it isa shunt made up of all Z's combined in parallel, or a simple 
series circuit made up of all Z,’s, respectively; the iterative imped- 
ances are 0 and ®%, respectively; there is no attenuation in either case. 

With a somewhat further increase of the frequency the ratio will 
assume a small negative value with the result that the artificial line 
will have both kinetic and potential energy. An analogy now exists 
between the artificial line and an ordinary uniform transmission line, 
which possesses both kinetic and potential energy, and is ordinarily 
visualized as being equivalent to many small positive reactances, in 
series, bridged, to the return conductor, by large negative reactances. 
The fact that uniform lines do freely transmit waves is a well-known 
physical principle, and it is not necessary to repeat here the physical 
theory of such transmission merely to show that the same phenomenon 
occurs with the identical structure when it is called an artificial line 
or wave-filter. 

In order tg determine just how far the ratio may depart from zero, 
on the negative side, without losing the property of free transmission, 
we look for any change in the action of the individual section of the 
artificial line which is fundamental; nothing less than a fundamental 
change in the behavior of the individual section can produce such a 
radical change in the line as an abrupt transition from the free trans- 
mission of a pass band to the to-and-fro surging of energy in a stop 
band. Now as the ratio is made more and more negative by the 
assumed increase of frequency, the value —1 is reached, at which 
frequency the symmetrical section (Fig. 6) of the artificial line is 
capable of free oscillation by itself. This is well recognized as a 
most fundamental change in the properties of any network, and it 
affords grounds for expecting a complete change in the character of 
the propagation over the artificial line. The change must be to a 
stop band with currents in opposite phase, since at resonance the 
potentials at the two ends of a section are in opposite phase. 
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Further increase in the frequency cannot make any change in the 
absolute difference in phase between the two ends of the other section, 
since opposition is the greatest possible difference in phase; the wave 
now adapts itself to increasing frequency by altering its attenuation. 

Upon continuing the increase of frequency, so as to reduce the 
ratio to — %, we arrive at either anti-resonance corresponding to 
Z, = ®& orresonance corresponding to Z. = 0; the artificial line has 
2, Or into a series 


now degenerated into a row of isolated impedances Z 
of impedances Z; short-circuited to the return wire; in either case 
the attenuation is infinite since no wave is transmitted. Passing 
beyond this critical frequency the ratio becomes positive, according 
to our assumption, and we are again in a stop (+) band. 

While in this rapid survey of what happens during this frequency 
cycle little has been actually proven, it should have been made 
physically clear why abrupt changes in the character of the trans- 
mission occur at the frequencies making the ratio equal to 0, —1 or 
ow, since the line degenerates into a simpler structure, or the phase 
change reaches its absolute maximum, on account of resonance, at 
these particular frequencies. 


4 





0 500 Cycles 1000 
Fig. 7—Graph for Locating the Pass Bands and Stop Bands of Fig. 4 
Z, = —1i(1? — x?)(6? — x?) /8x(3? — x’), 
—4Z, = —t4x(4? — x2) /(2? — x*)(5? — x?) and x = cycles/100 
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Information as to the location of the bands is often obtained most 
readily by plotting both Z; and —4Z., as illustrated in Fig. 7, and 
determining the critical frequencies by noting where the curves cross 
each other and the abscissa axis, as well as where they become in- 
finite. Any particular band is then a pass band, a stop (+) band 
or a stop (—) band, according as Z;, the abscissa axis, or —4Z, lies 
between the other two of the three lines. In Fig. 7 the pass bands 
are P,, P2, P3, Py; the stop (+) bands are Sy, S;, Ss; and the stop 
(—) bands are S;, S3, S;, S;, and they illustrate quite a variety of 
sequences. By altering the curves the bands may be shifted, may 
be made to coalesce, or may be made to vanish. 


WAVE-FILTER CURVES 


The pass band and stop band characteristics of wave-filters are 
concretely illustrated for a few typical cases by the curves of Figs. 
8-13, which show the attenuation constant 4, the phase constant B, 
and both the resistance R and reactance Y components of the itera- 
tive impedance for a range of frequencies which include all of the 
critical frequencies, except infinity. The heavy curves apply to the 
ideal resistanceless case, while the dotted curves assume a power 
factor equal to 1/(207) for each inductance which ts a value readily 
obtained in practice. This value is, however, not sufficiently large to 
make these small scale curves entirely clear, since considerable por- 
tions of the dotted curves appear to be coincident with the heavy line 
curves; but this, as far as it goes, proves the value of the present dis- 
cussion which rests upon a close approximation of actual wave-filters 
to the ideal resistanceless case. 

The low pass resistanceless wave-filter, as shown by Fig. 8, pre- 
sents no attenuation below 1,000 cycles; above this frequency the 
attenuation constant increases rapidly, in fact, the full line attenuation 
curve increases at the start with maximum rapidity, since it is there 
at right angles to the axis. The dotted attenuation curve, which in- 
cludes the effective resistance in the inductance coils, follows the 
ideal attenuation curve closely, except in the neighborhood of 1,000 
cycles, where resistance rounds off the abrupt corner which is present 
in the ideal A curve. The phase constant B is, at the start, propor- 
tional to the frequency, as for an ordinary uniform transmission line; 
its slope becomes steeper as the critical frequency 1,000 is approached 
where the curve reaches the ordinate 7, at which value it remains 
constant for all higher frequencies. As shown by the dotted B 
curve, resistance rounds off the corner at the critical frequency, but 
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Fig. 8—Low Pass Wave-Filter: L = 1/x Henry, C = 1/ Microfarad 
Fig. 9—Complementary High Pass Wave-Filter: L = 1/42, C = 1/44 
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otherwise leaves the curve approximately unchanged. The full line 


curves for R; and XY, show that in the ideal case the iterative im- 
pedance is pure resistance and pure reactance in the pass and stop 
bands respectively, and that resistance smooths the abrupt transition 
at the critical frequency. : 

The high pass wave-filter shown by Fig. 9 passes the band which 
is stopped by the low pass wave-filter of Fig. 8, and vice versa. For 
this reason the two wave-filters are said to be complementary. 

Another set of two complementary wave-filters is shown by Figs 
10 and 11, one of which passes only a single band of frequencies, 
not extending to either zero or infinity, while the other passes the 
remaining frequencies only. The single pass band of Fig. 10, em- 
bracing a total phase change 27 on the B curve, is actually a case of 
confluent pass bands, each of which embraces the normal angle 7. 
The tendency of the two simple pass bands to separate, and leave a 
stop band between them, is shown by the hump in the dotted at- 
tenuation constant curve at 1,000 cycles. Tf, instead of the two 
simple bands having been brought together, one of them had been 
relegated to zero or infinity, the single remaining pass band would 
have exhibited the normal angular range 7 in the B curve, and there 
would have been no hump in the dotted lA curve. The stop band of 
Fig. 11 also illustrates peculiarities which are not necessary features 
of a wave-filter with a single stop band in this position. This wave- 
filter is obtained from Fig. 7 by making all bands vanish except 
Ps, Ss, S; and P;,-—by extending P», to zero, Ps to infinity, and making 
S; and S; coalesce, so that the attenuation becomes infinite in the 
stop band without passing from a stop (—) to a stop (+) band. 
The coalescing stop bands are responsible for the rapid changes in 
the B, Ry, and XY, curves of Fig. 11 which would not have appeared 
if, in Fig. 7, the same pass band had been obtained by retaining P,, 
S. and P., and making all other bands vanish. 

An extreme case of complementary wave-filters is shown by Figs. 
12 and 13, where no frequencies and all frequencies are passed re- 
spectively. The first result ‘is obtained by combining inductances 
alone, which, as has been pointed out above, can give only an at- 
tenuated disturbance devoid of wave characteristics. The wave- 
filter shown for passing all frequencies has inductance coils in the 
line, and capacities diagonally bridged across the line. This wave- 
filter combines a constant iterative impedance with a progressive 
change in phase which is sometimes useful.! An outstanding char- 


*A theoretical use of the phase shifting afforded by the lattice artificial line was 
made at page 253 of ‘Maximum Output Networks for Telephone Substation and 
Repeater Circuits,” Trans. A. I. E. E., vol. 39, pp. 231-280, 1920 
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Fig. 10—Single Band Pass Wave-Filter: ZL, = 20/9, L2 
) 80r, Co = 209% 
Fig. 11—Complementary High and Low Pass Wave-Filter: L; = 9/20, 
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Fig. 12—No Pass Wave-Filter: Li = 1 x, Le 
Complementary All Pass Wave-Filter: L 
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acteristic of this type of artificial line is that it has, for all frequencies, 
the same iterative impedance as a uniform line with the same total 
series and shunt impedances. This artificial line will be considered 
in more detail in the next section of this paper. 


Lattice ARTIFICIAL LINES ‘ 


Up to this point we have considered the properties of artificial line 
networks which were supposed to be given. In practice the problem 
is ordinarily reversed, and we ask the questions: May the locations 
of the bands be arbitrarily assigned?) May additional conditions be 
imposed? How may the corresponding network be determined, and 
what is its attenuation in terms of the assigned critical frequen- 
cies? These questions might be answered by a study of Fig. 7, in 























| Iv 14 | attice Artificial Line 


all its generality, but it seems simpler to base the discussion upon 
the artificial line shown in Fig. 14, which is to be a generalization 
of Fig. 13 to the extent of making the two impedances Z,; and Z, 
any possible actual driving-point impedances. It is sometimes 
illuminating to regard this artificial line as a nest of bridges, one 
within another, as shown by Fig. 15. 

On interchanging terminals 3 with 4 and 7 with 8 in Fig. 14 the 
network of lines remains unchanged; thus, Z; and 4Z. may be inter- 
changed in the formulas for the artificial line with no change in the 
result, except, possibly, one corresponding to a reversal of the current 
at alternate junction points. Another elementary feature of this arti- 
ficial line is that it degenerates into a simple shunt or a simple series 
circuit at the resonant or anti-resonant frequencies, respectively, of 
either Z,; or Z, and these are the critical frequencies, terminating 
the pass bands. At other frequencies, a positive ratio Z,;/4Z_ must 
give a stop band, since the reactances are all of one sign. If a small 
negative value of this ratio gives free transmission, as we naturally 
expect, there will be identical transmission, except for a reversal of 
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TABLE II 


For Lattice Artificial Line, 


UNIFORM 


>» 
Critical Ratio LUNI 
Band Frequ a \ ~ 
S ency 
| Vz 
Y 
Stop (4 I>>0 | 2>>0} imag 
Z\ 0) 0 0 0) 
Zs = @ 0) 0 L 
Pass 0 im re 
Z) oe L L x 
Z 0 L L 0 
Stop 1 <2 imag 
2, = 42; 1 2 »Z 


table, carries the attenuation factor e7! 
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The cycle of bands: stop (+), pass, stop (—) 


artificial line are brought together in the following table: 


Fig. 15—-Lattice Artificial Line Drawn to Show the Chain of Bridge 


negative quantity, since we may always interchange Z, 
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sign, when the ratio has the reciprocal value, which will be a large 


1Z>. 


The consequences of this and of other elementary properties of this 
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a unit semi-circle; in the stop (+) band it traverses the radius from 


0 to 1, in the pass band it travels along the unit circle through 180 
degrees to the value —1, completing the cycle from —1 to 0 in the 
stop (—) band. In this cycle there are four points of special interest, 
corresponding to ratio values 1,0, —1l and %, for which the wave is 
infinitely attenuated, unattenuated with an angular change of 0, 
of 90, and of 180 degrees, respectively. It is at the 90 degree angle 
that resonance of the individual section occurs; the iterative im- 


pedance is then equal to 22». 


GRAPH OF THE RATIO Z, 4Z. FOR Fic. 14 


If we plot Z; and 4Z, the pass bands are shown by the points where 
the curves become zero or infinite, and the intersections of the two 
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Fig. 16 Graph for Locating the Pass and Stop Bands of the Lattice Artificial Line, 
where Z; 42, | n2 — x2) (x2 — x?)—2 (x2 x) .. . ,X = cveles 100, and the 
resonant roots x), Xs, . . . are 0.650, 1, 2, 2.452, 4.442, 5, 6, 8.476 and the double 
anti-resonant roots Xs, Vs... . are 0.766, 2.301, 4.585, 7.423 


curves show the frequencies at which the attenuation becomes in- 
finite. These intersections must be at an acute angle since each 
branch of the two curves has a positive slope throughout its entire 
length; for this reason it may be desirable to plot the ratio rather than 
the individual curves; this is especially desirable in cases where the 
two curves do not intersect, but are tangent. Fig. 16 is for a lattice 
network equivalent to two sections of the ladder type illustrated by 
Fig. 7, and so cannot include a stop (—) band. Accordingly, the 
ratio does not go above unity, although it reaches unity at the two 
frequencies 300 and 400, corresponding to the infinite attenuation 
where stop (—) and stop (+) bands meet in Fig. 7. It is also 
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unity at the extreme frequencies zero and infinity. The four pass 
bands have, of course, the same locations as in Fig. 7. 


Multiplving the ratio by a constant greater than unity introduces 
stop (—) bands along with the stop (+) bands; multiplying it by 
a constant less than unity removes all infinite attenuations; these 
changes within the stop bands are made without altering the loca- 
tions of the four pass bands. 


WaVvE-FILTER HAVING ASSIGNED Pass BANDS 


In connection with practical applications we especially desire to 
know what latitude is permitted in the preassignment of properties 
for a wave-filter. If we consider first the ideal lattice wave-filter, 
its limitations are those inherent in the form which its two inde- 
pendent resistanceless one-point impedances’? Z; and Z2. may assume. 
The mathematical form of this impedance is shown by formula (7) 
of the appendix, which may be expressed in words as follows: 


Within a constant factor the most general one-point reactance obtain- 
able by means of a finite, pure reactance network is an odd rational 
function of the frequency which 1s completely determined by assigning 
the resonant and anti-resonant frequencies, subject to the condition that 
they alternate and include both zero and infinity. 


The corresponding general expressions for the quotient and product 
of the impedances Z,; and Z,2 are shown by formulas (8) and (9). 
Definite, realizable values for all of the 2”+2 parameters and 
2n+1 optional signs occurring in these formulas may be deter- 
mined in the following manner: 


(a) Assign the location of all 7 pass bands, which must be treated 
as distinct bands even though two or more are confluent; this 
fixes the values of the 2” roots p; ... Pex which correspond 
to the successive frequencies at the two ends of the bands. 

(b) Assign to the lower or upper end of each pass band propagation 
without phase change from section to section; this fixes the 
corresponding optional sign in formula (8) as + or —, respec- 
tively. 

(c) Assign a value to the propagation constant at any one non- 
critical frequency (that is, assign the attenuation constant in a 


*>A one-point impedance of a network is the ratio of an impressed electromotive 
force at a point to the resulting current at the same point——in contradistinction to 
two-point impedances, where the ratio applies to an electromotive force and the 
resulting current at two different points. 
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stop band or the phase constant in a pass band); this fixes 
the value of the constant G and thus completely determines 
formula (8) on which the propagation constant depends. 

(d) Assign to the lower or upper end of each stop band the iterative 
impedance zero; this fixes the corresponding optional sign in 
formula (9) as + or —, respectively. 

ie) Assign the iterative impedance at any one non-critical fre- 
quency (subject to the condition that it must be a positive 
resistance in a pass band and a reactance in a stop band); 
this fixes the constant 7/7 and thereby the entire expression (9) 
upon which the iterative impedance depends. 


The quotient and product of the impedances Z, and Z2 are now 
fully determined; the values of Z; and Z» are easily deduced and also 
the propagation constant and iterative impedance by formulas (11) 
and (12); 4; and Z, are physically realizable except for the necessary 
resistance in all networks. 


These important results may be summarized as follows: 


A lattice wave-filter having any assigned pass bands is physically 
realizable; the location of the pass bands fully determines the propagation 
constant and iterative impedance at ail frequencies when their values 
are assigned at one non-critical frequency, and sero phase constant and 
sero iterative impedance are assigned to the lower or upper end Of each 
pass band and stop band, respectively. 


Larrick ARTIFICIAL LINE EQUIVALENT TO THE GENERALIZED 
ARTIFICIAL LINE OF Fic. 1 


Since any number of arbitrarily preassigned pass bands may be 
realized by means of the lattice network, it is natural to inquire 
whether this network does not present a generality which is essen- 
tially as comprehensive as that obtainable by means of any network 
Vin Fig. 1, provided the generalized line is so terminated as to equalize 
its iterative impedances in the two directions. This proves to be 
the case. 

If network .V has identical iterative impedances in both directions, 
the lattice network equivalent to two sections of, V is shown by Fig. 
17; each lattice impedance is secured by using an .V network; the N’s 
placed in the two series branches of the lattice have their far terminals 
short-circuited so that they each give the impedance denoted by 
Zo; the N’s in the two diagonal branches have their far ends open 
and they each give the impedance denoted by Zx. 





















ELECTRIC 


The lattice network of Fig. IS has in each branch a one-point im- 


pedance obtained by means of a duplicate of the given network .V 
and an ideal transformer. The two lattice branch impedances are 
Z,+Z,2 Pe where the three impedances Be Lin bia are the 
effective self and mutual impedances of the network .V regarded as a 
transformer. This lattice network has identically the same propaga 
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Zo 
Fig. 17--Lattice Unit Equivalent to Two Sections of Fig. 1 Assumed to be 


Svimmetrical 


tion constant as the single network NV shown on the left. Since the 
lattice cannot have different iterative impedances in the two dire 
tions, it actually compromises by assuming the sum of the two itera 
tive impedances presented by Vo A physical theory of the equival 
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F.g. 18 —Lattive Network Having the Sam Propagation Constant as N 


Iterative Impedance Equal to the Sum of ‘the Two Iterative Impedances of 


ences shown in Figs. 17 and 18 has not been worked up; the analytical 
proofs were made by applying the formulas given in the appendix 
under lattice networks. 

Without going to more complex networks it is, of Course, not pos 
sible to get a symmetrical iterative impedance, but that is not necessary 
for our present purposes where we are concerned primarily with the 



















































SYST TECHNICAL JOURNAL 





BLL, V/ 





26 





propagation constant. [Tt has now been shown with complete gener- 
ality that: 

The lattice artificial line, with physically realizable branch impedances, 
1s identically equivalent in propagation constant and mean _ iterative 
impedance to the chain of identical physically realizable networks con- 
nected together in sequence through two pairs of terminals. 

To complete this simplification of the generalized artificial line it is 
necessary to know the simplest possible form of the one-point im- 
pedances employed in the branches of the lattice network. The 
discussion of the most general one-point impedance obtainable by 
means of any network of resistances, self and mutual inductances, 
leakages and capacities will find its natural place, together with 
allied theorems, in a paper on the subject of impedances. For the 


present purpose it is sufficient to state: 


The most general branch impedance of the lattice network may be 
constructed by combining, in parallel, resonant circuits having im- 
pedances of the form R+iLp+(G+iCp)"'; or they may equally 
well be constructed by combining, in series, anti-resonant circuits having 
impedances of the form |G+iCp+(R+iLp) "|. 


SUMMARY OF PHYSICAL THEORY 


The wave-filter under discussion approximates to a resistanceless 
artificial line, and such an ideal artificial line is capable of two, and 
only two, fundamentally distinct states of motion. In one state the 
disturbance is attenuated along the line, and there is no flow of energy 
other than a back and forth surging of energy, the intensity of which 
rapidly dies out along the line. In the other state there is a free 
flow of energy, without loss, from section to section along the line, 
with no surge of energy between symmetrical sections. Each state 
holds for one or more continuous bands of frequencies; these bands 
have been distinguished as stop bands and pass bands. 

A high degree of discrimination, between different frequencies, 
may be obtained, even if each section, taken alone, gives only a 
moderate difference in attenuation, by the use of a sufficient number 
of sections in the wave-filter, since the attenuation factors vary in 
geometrical progression with the number of sections. 

Any number of arbitrarily located pass bands may be realized by 
means of the lattice artificial line; furthermore, the propagation 
constant at one frequency, and the iterative impedance at one fre- 
quency may both be assigned, while the location of zero phase con- 
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stant and zero iterative impedance at the lower or upper end of each 
Pass band and stop band, respectively, is also optional. This com 
pletely determines the lattice artificial line. No additional condition, 
other than iterative impedance asymmetry, can be realized by re 
placing the lattice network by any four terminal network 


APPENDIX 
FORMULAS FOR THE ARTIFICIAL LIN] 


Formulas for the propagation constant and iterative impedance of 
the generalized artificial line, expressed in a number of equivalent 
forms, have already been given in my paper on Cisoidal Oscillations, ' 
but it seems worth while to deduce the formulas anew here from the 
free oscillations of the detached unit circuit of Fig. 6, so as to complete 
the physical theory by deducing the comprehensive mathematical 
formulas by the same method of procedure. 


LADDER NETWORK FORMULAS 

Notation: 

Z,, Zy = series impedance and shunt impedance of the section of 
Fig. 4, which is equivalent to the general network V ot 
Fig. 1. 

P= A + 7B = propagation constant per section 

K,, K» iterative impedances at mid-series and mid-shunt 

Y= at 18 = VZ, Z, = propagation constant for uniform. distri- 

bution of Z; and | Zz, per unit length 


R= V ZZ, = iterative impedance of this same uniform line 


In Fig. 6, the current is indicated as J and the potentials at the 
ends of the section as V,Ve>®. In order that the free oscillation may 
be possible the total impedance of the circuit (Z; + Z’ + 2) must 
vanish; this determines the iterative impedance Ay. In addition to 
this condition it is sufficient to make use of two other simple relations: 
the proportionality of the potential drops in the direction of the current 
across Z’ and Z” to Z’ and Z”, since they carry the same current 
(this determines the propagation constant I); and the equality of 


8“ Cisodial Oscillations,” Trans. A. I. E. E., vol. 30, pp. 873-909, 1911. In. the 
lowest row of squares of Table I, the iterative impedances and propagation constant 
of any network are given in five different ways, involving one-point and two-point 
impedances, equivalent star impedances, equivalent delta impedances, equivalent 


transformer impedances, or the determinant of the network The only typo 
graphical errors in Table | appear to be the four which occur in the first, third and 
fifth squares of this row: in the values for A, replace (S, S.) by (5, S,) and 


place a parenthesis before U, — U’,); in the first value of A, replace S,, by Sj: in 
h 


4 the last value for [,, add a minus sign so that it reads cosh 
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A, the mid-series iterative impedance of the artificial line, to the 
total impedance on the right of the mid-point of the series impedance 
Z,. These three relations, which can be written down at once, are: 


ZK ° 0 
igo Ke 


ver 2 ae 
V Z' 2Z2.+K, 
t site i, 272K» 
kK = » Pde t Ma = y 4) ; i 27, K.’ 


from which the formulas for Ty Ay, and As, in terms of Z,, Ze, are 


found to be: 


‘& 2 sinh ! a = 2 sinh ae (1) 
Kk, ) —— f Zi +! Lh Na I > \ series r 
Ky, ' hati (! : a at (1 aS ) 7 at mid j shunt, (2) 


and the formulas for Z,; and Zs in terms of [ and A, or Ke are likewise 
found to be: 


Z\ 2A, tanh : [ = KosinhT, (3) 


Zs K,/sinh T = ; K.» coth 5 e*. (4) 

Formulas (3) and (4) are in the nature of design formulas in that 
they determine the impedance Z; and Z.s, at assigned frequencies, 
which will ensure the assigned values of Pf and A at these frequencies. 
In general, however, it would not be evident how best to secure these 
required values of Z; and Z2; complicated or even impossible net- 
works might be called for, even to approximate values of Z; and Z» 
assigned in an arbitrary manner. Fortunately, practical require- 
ments are ordinarily satistied by meeting maximum and minimum 
values for the attenuation constant throughout assigned frequency 
bands. Formulas (8) and (9) may be emploved for this purpose as 
explained below. 

It is convenient to have formulas (1) and (2) expressed in a variety 
of ways, since no one form is well suited for calculation throughout 
the entire range of the variables. Accordingly, the following analyti- 
cally equivalent expressions are here collected together for reference: 

















where y+ 


cosh—! ft + 1 cos7! —: oft 
/l 
; 
where 1 + 5 ¥' x + iy, 2h VY (x+1)?24+v°4+ ¥ (x—-1 
Kiy l re r ry =! sinh | 
=k (1+ 7°) *2 = k (cos k 
K, | { Y CC My ) ( ) 
] l - =I ‘ \ series A 
k (5 coth 5 I ) at mid r chueniit: i) 


The formulas leave indeterminate the signs of y, &. Ty. and A, and 
also a term +7277 in y and VT.) The signs are to be so chosen that 
the real parts are positive, or become positive when positive re 
sistance is added to the system. The indeterminate * (27 can 
be made determinate only after knowing something of the internal 
structure of the unit network of which the artificial line is composed : 
the conditions to be met are——absence of phase differences when all 
branches of the unit network V of Fig. 1 are assumed to be pure 
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resistances and continuity of phase as reactances are gradually intro- 
duced to give the actual network. 

Formula (5) is adapted for use in the Pass bands, gince the ex- 
pressions are real when 7° is real, negative and not less than — 4; 
similarly, formulas (5a) and (5b) are adapted for use in the stop (+) 
bands, that is, when ¥° is positive and less than — 4 respectively. 

From the theory of impedances we know that any resistanceless 


one-point impedance is expressible in the form 


2 = jp —?P _‘SP2—P?) - - - (Pn-2— #") (7) 


pi—p”) (ps—p*) . . - (Pin-1— B”) 





where the factor ) and the roots pi, ps, ... ps, are arbitrary positive, 
reals subject only to the condition that each root is at least as large 
as the preceding one. This enables us to write down the forms which 
the quotient and product of two resistanceless one-point impedances 


may assume, which are as follows: 


2 Le Re PnP) * 
as : Hn : 8) 
“ fa >) a * >) ( Pn — P* ) | 
Ses i Oe | cre A | on a 
z ve : me TI 0 eee : * a ae ; oe (p>, a Pp’) (9) 
(73 ~ ry (3 in ry \ pi, ps ra) 
where G, H/ and the roots pi, po, ... ps, are arbitrary positive reals, 


subject only to the condition that each root is at least as large as the 
preceding one, and the 2n+1 and optional + signs are mutually 
independent. Conversely, if the relations (8) and (9) are prescribed, 
then the required individual impedances Z’ and Z"’ are each of the 
form (7) and thus physically realizable. 

If in formulas 1, 2, 5 and 6 we substitute for Z,;/Z. = y? and 
Z, Z, = k* the right-hand side of formulas (8) and (9), respectively, 
we obtain formulas for the propagation constant and iterative im- 
pedance of an artificial resistanceless line in terms of frequencies at 
which the propagation constant becomes zero or infinite. Ordi- 
narily, however, we are more interested in having expressions in 
terms of the frequencies which terminate the pass bands. To secure 
these the substitutions should be 4[8] (4 — [8] ) and [9] (1 — [8]/4)*), 
where [8] and [9] stand for the entire right-hand sides of formulas 
. (8) and (9). This substitution amounts to obtaining the lattice net- 
work giving the required pass bands, and then transforming to the 
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ladder network having the same propagation constant and the same 


iterative impedance at mid-series or mid-shunt. 


LATTICE NETWORK FORMULAS Fic. 14 


The impedances of a single section between terminals | and 2, with 
the far end of the section 3 and 4 either short-circuited or open, are 
readily seen to be 


ho =) - ” 
54) i 22> _ - 


22,22 . l (! 


Since V Z4)Zx% and VZ) Ze are the iterative impedance and the 
hyperbolic tangent of the propagation constant for any symmetrical 
artificial line, we have the following analytically equivalent formulas 
for the lattice network where ¥ V 2:/Ze, and k =V Z;Zs. as tor 
the ladder type. 


Lattice Formulas 


1 jes 
( Fr = 2 tanh” o\ 7 =. 2 tanh - (11 
(2, = 2K tanh JT, 13) 
- ; | : ” 
(z, = 34K coth af. 14) 
| oe 
I+. 7 
—_—" ee } ‘ 
Pr = 22 tan . =1C0s Ld 
21 be 
] = | 2 i 
1 ae 
2 y T 1 y 
=2 tanh-1? = 2 sinh“! —~ cosh! 
2 | l 
1 
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im + 2 coth 2 im + cosh 


} ! 
+ : Y 
= t+ + log eee, (15b) 
re 
tee 
‘fs sinh! 1 (15 
? p= bys 
pit : a _ a Al aS (15d) 
» log 1 aya tf tan” — = (1Se) 
(1 ») (5) ; (5) (5) 


where a a <- &p. 


In these formulas Z,; Z: = y° and Z; Z, = k* might be expressed 
in terms of the resonant and anti-resonant complex frequencies of 
Z, and Zs, the frequencies being. made complex quantities sO as to 
include the damping. Where there is no damping, that is, where all 
network impedances are devoid of resistance, the simplified forms 
of these expressions are given by formulas (8) and (9). The use of 
these formulas for designing wave filters having assigned pass bands 


is explained at page 25. 























The Binaural Location of Complex Sounds 
By R. V. L. HARTLEY and THORNTON C. FRY 


Note: Much has been written on the subject of the 


of pure tones but the ise of Complex sounds has receive 
in recent literature The purpose of the present paper is to wv the 
cussion of complex sounds abreast of that relating to pure tones Vt 
who wish to acquaint themselves with the work on pure tones w t 
ested in reading the theoretical work of the authors and the ex 
studies carried out by Gs. W. Stewart and students working under his 
direction This work has been reported in various papers \ 
have appeared during recent vears in the Pélrysteal Revie ind the 
k ah 76 , hriftt 

\ resume of the present paper is given by the authors in their | wing 
paragrapl editor 


Hk. need of determining the location of enemy submarines and 

aeroplanes during the war brought into use practical methods 
for locating a sound source which depend upon differences between 
the sound waves reaching the two ears. This stimulated a general 
study of the phenomena involved in binaural sound location. The 
foundation for this study had already been laid in the work of Lord 
Rayleigh and others, who, following more or less in’ his footsteps, 
had accumulated a considerable amount of information of both 
theoretical and experimental sorts. Of this information almost al 
that was of a theoretical nature and a considerable portion of the 
experimental kind dealt only with the location of pure tones, the more 
complicated and in some respects more important problem of compler 
sounds being almost entirely neglected. Such advances as were 
made in the theoretical aspects of the problem during the war were 
subject to the same restriction so that even to-day no comprehensive 
theory has been advanced which adequately covers the problem ot 
the location of such sounds as occur in every-day life, and in the 
practical applications of binaural methods. However, the results 
obtained with pure tones can be made to throw considerable light 
upon the problem, and it is primarily trom this standpoint that the 
following discussion is written. 

It may be well at the outset to review some of the outstanding 
differences between the observed phenomena in the two cases. The 
accuracy of location is much less for pure tones, as is also the sense 
of definiteness of the sound image. “The location of pure tones is almost 
wholly binaural as is evidenced by the inability of persons deat in one 
ear to locate such a tone. With complex sounds not only is) the 
location by binaural effects more accurate and definite, but also the 
observer is not dependent on these alone. Persons who are deaf 
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in one ear can locate familiar complex sounds almost as well as those 
with normal hearing. 

Practically all theories of sound location start from the assumption 
that the listener subconsciously observes certain sound characteris- 
tics which depend upon the position of the source and forms a judg- 
ment of where the source must be by comparing these characteristics 
with information which he has stored up as a result of his past ex- 
perience with cases in which the position of the source was known. 
In order to fix the position of the source he must assign to it three 
coordinates such as its distance and some two angles which define 
its direction. To do this he must be able to observe at least three 
independent properties of the sound which are functions of the posi- 
tion of the source. If fewer than three are available some difficulty 
in location is certain to arise. If more than three are available there 
is the possibility of a number of simultaneous independent determina- 
tions of the three coérdinates. 

If the sounds of every-day life were never distorted in transmission 
all of these determinations would vield the same set of coérdinates 
and the only advantage which the listener would gain from the addi- 
tional information available would lie in the fact that some one set 
might be peculiarly sensitive to slight differences in the position 
of the source, and therefore might lead to increased certainty on the 
part of the observer. Owing to reflection from the walls of buildings 
and the like, the sounds of every-day life seldom arrive undistorted, 
so that the observer must always be somewhat uncertain as to whether 
or not the coérdinates of the sound source are actually those which 
he deduces from the properties of the sound wave as it reaches his 
ears. If enough properties are available to permit him to make 
two independent determinations he may use one of them to check the 
other, and if they agree he is justified in a feeling of increased cer- 
tainty as to the accuracy of his judgment. The more independent 
determinations he can make the more checks he will be able to apply 
and consequently the more confident he will be.' 

It should not be inferred, however, that it is only the sounds of 
the street which reach the observer in a distorted form. In a great 
many laboratory experiments the characteristics of the sounds have 

' It is interesting to note in this connection that it is not surprising that an observer 
locates a complex tone with much greater certainty than a pure tone when we con- 
sider how rapidly the number of independent sets of data increases with increase 
in complexity of sound. We have already said that three independent pro erties 
are needed for the determination of the three coérdinates of the source. Hence 
if only three are available, only one determination can be made and no checks are 
possible. On the other hand, if four are available, four groups of three each can 


be formed and therefore four separate determinations can be made. Similarly, 
10 determinations can be made from 5 properties, 20 from 6, and 120 from 10. 
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been inconsistent, and in some cases they have not even corresponded 


to any actual source whatever. Under these circumstances, if an 
image is formed at all, some purely psychological factors must enter 
in. For pure tones it has been found possible to explain much of the 
experimental data obtained under circumstances such as this by 
assuming that the observer subconsciously judges one or more of the 
characteristics to be in error and applies such corrections as will 
make all of the data correspond to an actual source. As a criterion 
for determining which characteristics will be altered, it is assumed 
that, in general, those are chosen which require the smallest changes. 

Let us now consider what characteristics are available for locating 
sounds of different kinds. A pure tone from a source at rest with 
respect to the observer has at any point only two physical character- 
istics which are subject to change with the position of the source. 
They are its amplitude and phase. Corresponding to each position 
of the source there is a particular amplitude and phase at each of the 
two ears so that a total of four properties —the loudness of the sound, 
the average phase, the difference in amplitude (which may conven- 
iently be expressed as a ratio) and the difference in phase at the two 
ears— are available for determining the position of the source. It is 
inconceivable that the average phase can have anything to do with 
the location of the sound since it mav be changed at will without 
altering the position of the source. The same remark applies to the 
loudness of the sound except in those instances where the observer 
is familiar with the source to such an extent as to know how loud 
it may be expected to be. Hence, if we restrict ourselves to the 
cases in which prejudicial information of this sort does not exist, 
we find that the observer has only two quantities from which he may 
deduce the position of the source. We should therefore expect that 
these two quantities would make it possible to locate the tone with 
respect to two coérdinates only. This is found to be in general 
agreement with experiment, for most observers locate all sources of 
pure tones in the same horizontal plane with their heads and determine 
only the distance and angular departure from the median plane. If 
the source is more than a few yards away the intensity ratio and phase 
difference change very slowly with distance so that in this case even 
the sense of distance is not keen and a feeling of certainty exists with 
respect to the direction only. 

In many experiments the tones at the two ears have been varied 
arbitrarily so as to give combinations having equal phases and un- 
equal intensities or vice versa—combinations which cannot arise 


from actual physical sources in the absence of distortion. Under 
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these conditions the observer generally corrects one to a value con- 
sistent with the other except in extreme cases where the correction 
required for this purpose would be inordinately large. When this 
occurs he mav either assume both to be correct and form two images 

one based on the phrase ditference tovethe r with a mentally supplied 


} 


Intensity ratio consistent with it, and the other similarly derived 
trom the observed Intensity ratio or he MAN fail lo have a sense 
of location at all. 

Betore considering the available characteristics of complex sounds 
in general let us confine our attention for a time to those which are 


made up of a limited number of sustained pure tones such as an organ 
note with its series of overtones, or a group ol tuning forks. Here the 
number of characteristics increases rapidly with the number of com- 
ponent tones. bor each component tone there are two quantities: 
Intensity ratio and phase ditterence. In addition, at either ear alone 
the relative intensities of anv two of the tones changes with = the 
position of the source, owing to the diffraction of the sound waves 
around the head beime ditherent { liileres t ( Phi re 
therefore as manv of these obser, al tens! ratte are 
pairs of components.  Stmilarly, for any two tenes whose frequencies 
are commensurable, the relative phases of the two at the same ear 
depend upon the position of the source. 


Not all of these characteristics are capable of contributing to 


binaural as distinet from monaural location. Tn facet, only the phase 
differences and intensity ratios of the separate co ponents are bi 
naural. A man who ts deaf in one ear has avathible all of the rela- 
tions between the inte sities and potic Cs © the 5 rOuUs compo hts 
at his normal ear. That these relations do tually contribute to 
sound location is supported Is experimen al C\ idence. Mvers 
found that, after familiarizing hi I with a complex sound, a blind 
foldedh observer could locate tts Po ition with considerable accuracy, 
even when it was moved about in the median plane, but that his 
accuracy could be destroved by varving the rekitive intensities of the 
components.* Tt is not surprising then, that for complex sounds the 
ACCUFACN is about thre Sabhie wl her the lor tlion | binaural or Mlo- 
naural.! ‘The observed failure o onaural location my the case of a 

( \} 

It tt t oe ] t { 
could tn pro t aH | | 
to the assu { ho ed: t e ¥ i 
stimuli are exper ‘ t nt of the er to 
render them re rl reverv-Gday exper 

{As shown by the ¢ Vngell and bite upon persons deaf in one eat 


Psychol. Rev., vol. 8, pp. 225 245, 1911 




















pure tone follows directly from the ; 


which the pure tone mav be compared. 


As we are he re concerned Will binau ‘ piv TOME We shall on 
fine our attention to the rela \¢ priv es and intensities at the two e irs 
The question at once arises: does the observer ott ually hie il hie differ 
ent tones separately, and if so, does he assign a location to each 
separately ? 

To what extent the listener locates each component separately 


depends upon the ease with which the tones can be distinguished 
The experiments which bear most directly upon this point are those 
in which the component tones at the two ears are arbitrarily adjusted 
to give values of phase difference corresponding to different locations 


Phis is done under conditions where the location of each component 


separately is largely determined by the phase ditterence. More 
experimented with two tones, transmitting them to the ears through 
tubes of adjustable lengths. “Phis permitted him to change the phase 
difference at the two ears while keeping the tntensitics substantially 
equal. He observed the apparent location for \ nis tines when 
each tone was applied by itself and when be were applied together 
using forks of 256 and 3820 evcles. With thes tual the tones 
combined into a chord located in the mi np 1 the separate 
components could not be heard.  \W etting for which the two 
components separately appeared Oo MIDS Te a of the | ad. one 
component was heard distinctly by the ro on the right 
side, and the other by the lett car on ‘ t tt \ ‘ Tie 
time the chord was beard rather tnd near the median plane 
but tending shghtly toward the side of the lower tone 

Apparently the observer does not consciously separate the chord 


into its components unless he is forced to do so by some inordinate 
discrepancy between the positions of the images formed from them 
There is no evidence in the case of equal paths to show that he did 
or did not subsconsciously locate the separate components and tind 
them to be in agreement. In view of the second experiment it seems 
probable that he did. In this latter experiment he obviously found 
that the two components corresponded to different locations and 
assigned different sources to each. At the same time his experience 
told him that tones which would combine to form a musical sound 
generally have a common source. Hence he may have concluded 
subconsciously that the sound waves had probably been distorted 


in coming from a common source and so he corrected his observations 


® Louis T. More: Phil. Mag. XVIII, 1909, p. 308. 
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on both tones to make them consistent and arrived at an image of 
the chord between the other two. 

Similar results were obtained with forks of 256 and 384 cycles 
per second, except that in general the lower tone was completely 
blotted out. The higher tone was usually quite distinct and defin- 
itely located. The image of the chord was nearer to the image formed 
when the higher component was sounded by itself than to the image 
formed from the lower one alone. With settings for which the direc- 
tions of the tones separately were the same, whether right, left, or 
middle, the upper tone disappeared leaving only the chord. In 
experiments with forks of 256 and 512 cycles it was difficult to dis- 
tinguish the separate notes. With settings for which the two separ- 
ately were on opposite sides the combination was on the side of the 
lower fork. This can be interpreted as meaning that the octave 
relationship is inherently difficult to resolve, or else that tones an 
octave apart so generally come from a common source that the ob- 
server was unwilling to make any other assumption. 


Although the explanation of these results is not yet thoroughly 
understood, they show very definitely that in locating complex sounds 
made up of pure tones the observer does within limits locate the 
components separately. If they agree, a single image is formed; if 
they do not, he may either locate the tones separately or form a single 
compromise image or do both. 

It is in this way that the theory developed for pure tones is ap- 
plied to complex sounds made up of pure tones. The next step is to 
extend it so as to include complex sounds in general. To do this we 
must picture the observer as resolving each sound into sinusoidal 
components locating the components separately and forming one or 
more images based on a combination of the apparent sources as in- 
dicated by the separate components. While it is fairly easy to effect 
such a resolution mathematically it is somewhat less easy to interpret 
the result in a manner satisfactory to our intuitive conceptions of the 
phenomena involved; also, granted the theoretical possibility of the 
resolution, there remains the question of what physical or psycho- 
logical limitations there may be to its application. 

In view of the fact that a really pure component tone has no begin- 
ning or end, and no fluctuations in its amplitude, it is not at once 
apparent how a single discrete sound such as the bark of a dog can be 
resolved into components of that nature. However, if enough com- 
ponents are available it has been established beyond question that 


by properly choosing their frequencies, amplitudes, and phases, a 





Be seed a ete the Unie es 












Reb BR or ete me 5 








BINAURAL LOC. 





{TION 


combination may be arrived at in which the algebraic sum of all the 
components is zero for all instants before and after the period occupied 
by the sound and equal to the instantaneous value of the sound 
wave for instants within that period. This combination is known to 
mathematicians as the Fourier Integral corresponding to the wave, 
and the formula for the phase and amplitude of each component 
sinusoid is known. It is an extension of the well known Fourier 
series expansion used for resolving sustained periodic disturbances. 

The physical interpretation of this integral may be facilitated by 
reviewing the steps in its evolution from the Fourier series. It is 
well known that if the sound in question were repeated at regular 
intervals the resulting periodic wave could be resolved by Fourier 
analysis into a series of sinusoidal components, the frequencies of all 
of which are integral multiples of the frequency of repetition of the 
sound. Successive components therefore differ in frequency by an 
amount equal to this frequency of repetition. Now it is not essential 
that the repetitions of the sound follow each other immediately. 
Instead, they may be separated by intervals of silence. The effect 
of such silent intervals is to reduce the frequency of repetition and 
therefore also the fundamental frequency. As a result the com- 
ponent frequencies are brought closer together and the number within 
any particular frequency range is increased. 

Suppose now that the interval between repetitions is indefinitely 
increased. As this is done the effect of any one occurrence of the 
sound becomes more and more independent of the others, and in the 
limit when the sounds next preceding and next following the one 
under consideration are infinitely far removed, we have the case of a 
discrete sound. As this limiting case is approached the fundamental 
frequency becomes smaller and smaller and the component frequen- 
cies, Which are multiples of it, are separated by infinitesimal frequency 
differences. While the amplitude of each component also decreases, 
the number of components increases at such a rate that the aggregate 
energy of all the components within a given frequency range remains 
finite. In this way, the distribution of the sound energy over various 
frequencies—that is, the “energy spectrum’’—can be obtained. 

It is evident, then, that when an aperiodic complex sound is resolved 
mathematically there results an infinity of component tones, each 
having a characteristic intensity and phase. If an observer were 
capable of an equally complete resolution he would have at his dis- 
posal an infinity of sets of data from which an infinity of images 


could be formed. In the absence of distortion these should all co- 
incide. 
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Practically, of course, no such refinement of resolution is possible. 
The ability to distinguish differences in pitch varies from person to 
person, but the minimum intervals employed in musical composition 
probably give a rough measure of the normal resolving power of the 
ear. Even with this limitation the broad sound spectrum, such as an 
irregular sound produces, is capable of vielding a very large number of 
separable components; and hence a large number of individual im- 
ages. [tis this fact that with a very complex sound the number of 
independent determinatjons of the image is limited only by the re- 
solving power of the observer which makes his accuracy of binaural 
location as Well as his sense of certainty much greater for such sounds 
than for pure tones. 

So long as the images of all the components coincide, it is of little 
importance how fine the resolution is, for further refinement only 
serves to increase the sense of certainty by adding to the volume of 
accordant evidence. However, when the images are not in agree- 
ment the problem is more complicated and the degree of resolution 
becomes important. Here also purely physical considerations cease 
to be adequate and psychological factors must be considered similar 
to those involved in the location of a pure tone for which the intensity 
ratio and phase difference do not correspond to any actual source. 
When an observer is faced with discordant results he must make 
some subconscious judgment kor small discrepancies such as occur 
in every-day experience, he probably assumes those images which 
depart most trom the rest to be misplaced because of distortion dur- 
ing transmission and so either corrects or ignores them. If the 
discrepancies are large le may find it difficult on the ground of ex- 
perience to believe that so much distortion could occur. In such an 
event he will most likely form several images from different com- 
ponents or in extreme cases lose the sense of location altogether. 

Bowlker found separate images to occur experimentally both tor 
band music, which approaches a collection of tones and for the 
irregular barking of dogs. He placed tubes of unequal length to his 
two ears thereby upsetting the normal diffraction around the head 
and interposing a longer path on one side than on the other. Obvi- 
ously, the distortion produced in this manner is of a type not likely. 
to be met in every-day life and affects different frequencies in widely 
different fashions. He reports that when listening to ‘a band of 
three or four instruments played in the open—-the notes will be found 
to be scattered over a wide range, most being to the side of the short 
: tube, some being in front and some being to the side of the long tube. 
In listening with such a pair of tubes to two dogs furiously barking 
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the effect is at first quite alarming one seems to be in the middle 
of a pack of dogs some of which are rushing viciously at one’s throat.” 
An illustration of failure to form any image is found in a phenomenon 
observed in the use of binaural compensators for determining the 
direction of submarine sounds. The sound is picked up by two sub 
marine telephone transmitters and led to the ears through inde- 
pendent paths. By adjusting the lengths of the paths the image 
can be shifted from side to side and for practical purposes the setting 
of the instrument is made by bringing the image exactly to the middle 
A fairly definite sound image is formed, but observers report that part 
of the sound does not merge into this sound image and move in re 
sponse to the adjustment, but instead appears as a dittuse back 
ground of noise.” This may be explained on the assumption that, 
while the images formed from most of the sound components agree 
sufficiently well that the observer corrects them to a single position, 
certain components are so distorted by resonance effects inherent 


in the apparatus that their images are scattered more or less at ran 


dom. The lack of agreement among any considerable number of 
these prevents the formation of a second image and causes the sense of 
diffusedness. 

As the distortion becomes still more extreme we should expect 
the experimental results to depend more and more upon the obsery 
ers power of resolution, for as the distortion is) progressively in- 
creased a condition must finally be reached where the positions of the 
images are appreciably ditferent for two components whose frequencies 
are so nearly alike as to make their recognition as separate tones 
difficult if not impossible. This condition actually occurred in’ an 
experiment of Baley’s with a sound consisting of a mixture of sus 
tained tones. [ts etfect on the listener is interesting from the stand- 


point of subconscious readjustment of discordant data. 


Balev’s * experiment consisted in applying a number of sustained 
tones to one ear of a musically trained observer and a number of differ- 
ent tones to the other ear, and testing his ability to assign them to 
their proper sides. So long as the intervals between the tones were 
fairly large, the observer never failed to locate them correctly. Con 
sidering the entire stimulus as a complex sound we may think of the 
observer as locating the tones individually and finding them to fall 
definitely into two groups whose images are located one at each eat 

6 This interesting phenomenon was called to our attention by Mr. Richard D 


Fay of the Submarine Signalling Corporation who tells us that it has been noted 
by a large number of observers 


7 Stephan Baley: Zeit. f. Psychol. u. Phystol., v. 70, 1914, p. 347 
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However, when he used six tones which were separated from each 
other by a single tone interval, the separate components could not 
be distinguished and a painful sensation was produced. The ob- 
server was apparently faced with the situation that to make the ob- 
served intensity ratios and phase differences correspond to a single 
source would involve extremely large corrections in the observed 
data. On the other hand, his power of tone resolution was insufficient 
to separate the components and assign them to different sources. It 
is not surprising, then, that the difficulty manifested itself by painful 
sensations. While this illustration is taken from an extreme condi- 
tion of laboratory experiment and may appear to have little bearing 
on the every-day location of sounds, it is really significant because of 
the manner in which it illustrates the importance of psychological 
factors in all cases in which the sound waves are distorted. 


RESUME 


In the foregoing discussion an attempt has been made to bring out 
the main features involved in extending the theory of the binaural 
location of pure tones to cover, qualitatively at least, the location 
of complex sounds. It has virtually been assumed that the latter 
involves three processes: first, the resolution of the sound into its 
component tones; second, the independent (generally subsconscious) 
location of each separate component; and third, the formation of a 
conscious judgment of the position of the source based on the locations 
of the individual images. The greatly incr@ased amount of data 
available when the sound is complex has quite different effects on the 
final result according as the different images do or do not coincide. 
If they do, the accuracy of location and the sense of certainty are 
increased. If they do not, confusion arises, subconscious corrections 
are called for, and the final result is likely to depend very consider- 
ably on the psychological processes and individual prejudices of the 
particular observer. 
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Synopsis: The art of electrical communication owes a great and increas 
ingly recognized debt to Oliver Heaviside for his work in developing and 
emphasizing a correct theory of electrical transmission along wires and in 
particular for his insistance on the importance of inductance. His oper 
ational methods of solving the differential equations which are fundamental 
of the theory of electric circuits, although not widely known, are important 
These methods are peculiarly applicable to many important problems of 
electrical transmission. The present paper, while theoretical in) chat 
acter, therefore deals with a subject of practical importance to the con 
munication engineer. 

Without attempting to give any adequate idea of the striking originality 
and ingenuity of Heaviside’s methods, his operational calculus may be 
very briefly explained as follows. Problems in electric circuit theory are 
described by a set of differential equations involving the differential oper 


| , : ; ‘ 
ator 7 These differential equations may be reduced formally to alge 
cf 


braic equations by replacing the differential operator by the symbol p and 
by this expedient a purely symbolic solution is obtained. This symbolic 
solution is called the operational formula of the problem 

In order to interpret the purely symbolic operational formula, Heavisic 
proceeded as fcllows: By direct comparison of the operational formula of 
specific problems with their known explicit solutions he was led to assign 
a definite significance to the operator p. Thereupon, he obtained by in 
duction gene ralized specific criteria or rules for solving the operational 
formula. 

The ; resent paper, by attacking the problem from a different standpoint, 
shows that the Heaviside operational formula is a shorthand equivalent of 
an integral equation from which the methods and rules of his operational 
calculus are deducible.—-Fditor. 


VERY interesting and by no means the least valuable part. of 

Heaviside’s researches relates to operational methods of solving 
the differential equations of a class of physical problems of which 
electric circuit theory problems are typical; in fact Volume II of his 
Electromagnetic Theory is almost entirely devoted to this subject. 
The methods of solution which he originated and employed are of 
extraordinary directness and simplicity in a very large class of prob- 
lems in applied mathematics. In fact it would be difheult to exagger- 
ate the value of his work along this line, and nowhere is it more im- 
mediately and usefully applicable than in the theoretical problems 
of electro-technics. 

Heaviside is, however, by no means easy reading and, in spite of 
the considerable number of published studies relating to his opera- 
tional calculus, it is less generally understood and applied than its 
value warrants. The writer has had occasion to apply Heaviside’s 
methods quite extensively in electrical problems and in the course 
of his study was led to a general formula which to him at least, has 
proved useful in interpreting and rationalizing the operational cal- 
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culus. This formula is presented and discussed in the present paper 
with the hope that it may be of service to students of Heaviside in 
understanding and applying his methods. The paper may also serve 
as a brief recapitulation of some of the outstanding methods ap- 
plicable to the solution of problems in electric circuit theory. 

The problems to which Heaviside applied his operational calculus 
relate to the oscillations of electrical and mechanical systems which 
can be described by a system of linear differential equations with 
constant coefficients or to such partial differential equations as the 
telegraph equation. The system is supposed to be set into oscillation 
from a state of equilibrium by suddenly applied forces and the opera- 
tional formula gives the resulting behavior of the system. 

Phe type of problem to which the operational calculus is applicable 
and Heaviside’s method of solution may be illustrated in a suttictent!s 
general manner for didactic purposes in connection with the solution 


of the system of equations 


Q11X,; +... t+ ainXn = F y(t) 


(1) 
Ay why “+ ea t AnnXn > F(t) 


where the coefficients ajk are in general polynominals of the form 


a a? 


Qik = Ojr + Bir Vik sa 6 es 
dt ae 


and the a, 8B, y coefficients are constants. 


We are concerned with the determination of the variables x, .. x, 
as functions of the independent variable ¢ for the following boundary 
conditions; the known functions Fy)... #, and the vartables x, .. Xx, 


are identically sero for values ef the independent variable t 20. In other 
words, the system is initially in a state of equilibrium when the 
“forces” Fy... F, are applied. These boundary conditions are 
extremely important in physical problems. 

Owing to the linear character of the equations we may without loss 
of generality set all the F functions equal to zero except one, say 


F y(t), and write 


Er tiene err tc ois ae ne (3) 


The solution of equations (3) for the prescribed boundary condi- 


tions may be made to depend on the auxiliary equations in the auxil- 
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The function on the right hand side, written, in accordance with 
the Heaviside notation, as unityv is identically zero for £<0 and 
unity for £70 and hy... are identically zero ter £0. 

It mav then be shown th 

d 

Fi NV) ay Lue n 5) 
dt 
4 * ! 


so that the solution of (3) depends entirely on (4 

Equations (4) formulate the problem actually dealt with by Heavi 
side who did not explicitly consider the more general equations (3) 
His method of attack was as follows; Writing p” for the differential 
operator d" dt” equations (4) become formally algebraic and vield a 


purely symbloic solution 
l 
h; = 3 6) 
H, ~) 
Equation (6) is the Heaviside operational formula; as it stands, 
however, it is purely symbolic and the problem remains to find the 


significance of the equation and to deduce therefrom the value of 
h = h(t) as a function of ¢. 

Heaviside’s method from this point on was one of pure induction. 
From the known solution of specific problems he inferred general 
rules for expanding and interpreting the operational formula: the 
body of rules thus developed tor solving the operational equation 
may be appropriately termed the Heaviside Operational Calculus. 

The contribution of the present paper to the theory of the Heavi- 
side Operational calculus depends on the following proposition and 


its immediate corollary? 


The differential equations (4), subject to the prescribed houndary con- 
ditions, may be written as: 


h; = 0 for ¢<O and 7 oo 


| —— ' (7) 
= | e-*h(t)dt, for t>0. 

PHi(p) oy 

The integral equation is an identity for all positive real values of p and 
consequently determines h;(t) uniquely. 

' This formula has been established in previous papers. It is. briefly discussed 
in Appendix I. 

2 See Appendix I. 
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It follows as an immediate corollary that the Heaviside operational 
equation 


h = 1/H (p) (8) 


is merely a short-hand or symbolic equivalent of the integral equation 


Lg fe-omn (tyat 9 

pip) J, © meer’ (9) 
The significance of the operational equation and the rules of the Heaviside 
operational calculus are therefore deducible from the latter equation. 
The whole problem is thus reduced to the purely ma.hematical problem 
of solving the integral equation. 

It should be remarked in passing that, while the Heaviside opera- 
tional calculus has been elucidated in connection with the solution 
of a set of differential equaticns involving a finite number of variables, 
it is not so limited in its applications. It is applicable also when the 
number of variables is infinite and to such partial differential equ- 
tions as the telegraph equation. The foregoing theorem applies also 
to all such physical problems where an operational formula h = 1/H(p) 
is derivable. 

Before discussing the solution of the integral equation (9) and de- 
ducing therefrom some of the rules of the operational calculus, a 
simple but interesting and instructive example of the way the oper- 
tional formula is set up will be given. 

Consider a transmission line of infinite length along the positive 
x axis and let it have a distributed inductance L and capacity C per 
unit length. Let a unit voltage be applied to the line at the origin 
x = 0 at time ¢ = 0; required the line current J and voltage V at 
any point x at any subsequent time ¢. 

The differential equations of the problems are 


a oO 
L : i = : V, 
at Ox 
clase O 
¢ 3 V =_lUc 2 [. 
at Ox 
; O 
Replacing 7 by p, we get 
a 
( x 


ee 2 
V = es Vo, 


where v = 1/V LC and V,j is the line voltage at x = 0. 
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Now by the conditions of the problem Vo is zero before, unity after 


time ¢ = 0; hence the foregoing equations are operational formulas 


and by (9) 
] = " Ps , [e-v1, (1) dt 
p NL “0 


°D 
Px - 
1 -* == / e— PV, (t) dt. 
Pp 0 


The solutions of these equations are obviously 


I, =0 for t<x/v, 

C for t>x/1 

= | oO Par Fa 
NL 

vo) for t<x/v, 

=) for t>x/v, 


which are, of course, the well known solutions of the problem. The 
directness and simplicity of the solution from the definite integrals is, 
however, noteworthy. 

By virtue of the foregoing analysis the Heaviside operational cal- 
culus becomes identical with the methods and rules for the solution 
of integral equations of the type 


7D 
1 pH (p) -/ e~ h(t) dt (9) 


to which brief consideration will now be given. 

An integral equation is, of course, one in which the unknown func- 
tion appears under the sign of integration; the process of determining 
the unknown function is the solution of the equation. Integral 
equations of the form of (9) were first employed by Laplace and may 
be referred to as equations of the Laplace type. More recently they 
have become of importance in the modern theories of divergent series 
and summability. The solution of a large number of integral equa- 
tions of the Laplace type has been worked out: however the procedure 
is usually peculiar to the particular problem in hand. In this con- 
nection it is noteworthy that, from a purely mathematical stand- 
point, Heaviside’s operational caiculus is a valuable contribution to 
the systematic solution of this type of integral equations. That is to 
say, methods which he developed for the solution of his operational 
equation suggest systematic procedure in the solution of the integral 
equation (9), as might be expected from the relationship pointed out 
in the present paper. 
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As stated above a large number of infinite integrals of the type 
appearing in equation (9) have been worked out. Consequently the 
solution of (9) can frequently be written down by inspection. When 
this is not the case, however, the appropriate procedure is usually 
to expand the function 1) p/7(p) in such a form that the individual 
terms are recognizable as identical with infinite integrals of the re- 
quired type. 

An interesting expansion of this kind and one which is applicable 
to a large number of physical problems is as follows: 

Expand | pl/(p) asymptotically in the form of the divergent series 


1/pH (p) N anf pert’. 


This expansion is purely formal and the series is divergent. It is 
summable, however, in the sense that it may be identified with its 
generating function | pl/(p). It is also summable in) accordance 
with Borel’s definition of the sum of a divergent series by the Borel 


4 m 3 
integral 
x 


a 
/ dt e aN a, n! 
aot 


This suggests that these two series are equal and consequently that 


| pll(p) = | 


Lr 
a 
dt e oN a,t", n! 
sce 


The solution is therefore 


* 
Bt) = ‘\“ a,t" n! 
om 


provided this series, which is called by Borel the associated function of 
the divergent expansion, is itself convergent. This is the case in all 
physical problems to which this form of expansion has been applied.‘ 

The foregoing will be recognized as identical with Heaviside’s 
power series solution, obtained by the empirical rule of identifying 
1 p” with ?” n! in the asymptotic expansion of 1///(p). 

Another form of solution of very considerable practical value 
depends on a partial fraction expression which can be carried out in a 
large number of physical problems. — It is 


1 pll(p)=a+bpt+cp +A (p — pr) 


: 7See Bromwich, Theory of Infinite Series, pp. 267-269, 
#See Appendix II. 
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where a (2 /piT (i) hin we 


b= | nei], 
Lae | 0 


l 
A= ; ' 
pel ( Pr) 
and p;... p, are the roots of [1(p 0. 
By virtue of this expansion * the solution is 
“ epkt 


h(t) =aP+h+ ct 4 : 
7 (0) a dt pl’ Pr) 


where P denotes a “* pulse” at the origin ¢ = 0; that is, 


FP is 6 ati = 0, 
a) fort >0, 
e 
{ Pdt =1. 
eu 
In the usual case where a = ¢ = 0 and }) = 1 /1/(0), this reduces to 
er 


= Q) > 
h(t) 1 TT( ane Pall Dr)’ 


which will be recognized as the celebrated Heaviside Expansion 
Solution. 

As illustrating the flexibility of the integral identity (9), another 
form of solution will be given which is often of value in practical 


problems where an explicit solution cannot be obtained. Suppose 


that | pi(p) can be written as 
l 2 | ; | 
pH (p) — plli(p) pils(p) 


-3 . . . , 
and that functions /,(f) and A(t) can be found which satisfy the 
equations 


HD -{- e~f' hy (t) dt 


en tt 
SHG) -f hind 


>The terms a +c fp? in this expansion were suggested by Dr. O. J. Zobel and 
must be included in a number of important problems in electric circuit theory 
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Then the required function A(t) is given by 
t 
h (t) = [ih (t “asi: y) he (y) dy (10) 
0 


by Borel’s Theorem (Bromwich, Theory of Infinite Series, p. 280).° 

As a final example of the foregoing discussion we shall consider a 
specific problem of some practical interest in itself and which involves 
Heaviside’s so-called “ fractional differentiation "’ and his resulting 
asymptotic solutions. The physical problem is as follows: a ‘ unit- 
voltage "’ (zero before, unity after time ¢ = 0) is applied through a 
terminal condenser Cy to an infinitely long cable of resistance R and 
capacity C per unit length. Required the Voltage V at the cable 
terminals. 

The_operational formula of this problem is easily deduced; it is 


Vince p “i where 1/\/a = Cy V R/C. 
l it V ‘Pp, a 
Consequently the integral equation can be written 
~ /b/a 
[ e-#'V (t) dt = OMS 0 =: 
“0 P1+vp/a 
a 
Pl+vVa/p 


Taking the last form of 1/pH(p), expanding asymptotically and 
recognizing that 


we 
1/p*t+! = [ e~ tn /n} dt 
vo 


Q i (2t)" db 
e 


/ s Sh = EE i sesmitiitifingitinas Sidiadiiondintoad 
eve (Qn — 1) (Qn —3)...1 r/mt 


the resulting series solution can be recognized and summed as 


V(t) = et — ee — dy 
_ ue ovVYy 


~ 








et 


The last expansion by repeated integration by parts leads to the 
asymptotic series given by Heaviside. It is easy to show, also, that 


6 This formula is quite useful; it is applied in the solution of the last example of 
this present paper. 
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the series is truly asymptotic in the sense that the error is less than 
the last term included. 

Another mode of procedure, however, suggests itself, which, by 
the aid of equation (10) gives the solution directly without series 
expansion. We have 


1 or zt ne I a 
pli(p) p-—a p-—aNp 
= Fs ~ pt 0 | hit) — hal ) | a 
0 
where 
4) 
= / e- hy (t) dt 
Pp — G (0 
and 
l a e 
; - Pt ho (t) dé. 
p a \ p | e to(t dt 
Consequently h,(t) = e”, and since 
1 way 
= / eet yl wt dt 


av p 0 
it follows at once from (10) that 
| = ™% 
a dy 
ha(t) = - e~* . 
Wayle Leary, 


The solution h(t) = y(t) + holt) agrees with the preceding derived 
from the asymptotic expansion, and is considerably more direct and 
simple. 

It is interesting to compare this solution with Heaviside’s own 
operational solution (Electromagnetic Theory Vol. II, p. 40) which 
amounts to the following. The operational formula is written 


ae ae ae 
aoa ia 


The first term is discarded altogether and the second written as 


y= (1-2) ver 


-(1+8 + (2)'+ ...) Vo7a. 


a 


Identifying V p with 1/V rtand p” with d" dt" the expansion becomes 


v= (1-3(4) +) G(R) --) va 
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which agrees with the foregoing and is the actual asymptotic ex- 
pansion.’ 

The foregoing discussion is sufficient, it is hoped, to show the place 
of the integral formula (9) in relation to the Heaviside operational 
calculus. It is believed to be particularly applicable in connection 
with a number of questions relating to divergent series and solutions 
which Heaviside’s work has raised and which have received too little 


attention from mathematicians. 


APPENDIX 1 


A proof of the integral formula 


+x 


L pllip)= [ e-*hitde (9) 


ou 


can be made to depend very simply on the formula 


a 7... P 
x(t) = / Fit — y)h(y)dy. (5) 
dt Jo « ss = 


This equation may be regarded as well established and can in fact 
be deduced in a quite general manner by synthetic arguments. — It is 
derived and employed in papers by the writer (Trans. A. I. E. E., 
1911, pp. 845 427, and Phys. Rev. Feb. 1921, pp. 116 134) and is 
deducible at once from the work of Fry (Phys. Rev. Aug. 1919, pp. 
115 136). 

On the basis of equation (5) the deduction of formula (9), in which, 
however, no pretense to rigor is made, proceeds as follows; 

If the function F(t) in equations (3) is set equal to e”, the complete 


s 


solution (5) includes the particular solution 
ef! H(p) 


which involves ¢ only through the exponential term. The complete 
solution must, therefore, admit of reduction to the form 


x(t) = ef H(p) + y(t) (a) 


where y(t) is the complementary solution. 


The procedure by which Heaviside arrived at the foregoing asymptotic solution 
is not, however, always so fortunate | For example if a terminal inductance is sub- 
stituted for the terminal condenser of the preceding problem, precisely the same 
procedure gives an incomplete result. Heaviside recognized this and added an 
extra term without explanation (Elm. Th. Vol. II], p. 42) but his solution appears 
to be doubtful in the light of some recent work by the writer in applying the formula 
of the present paper to the same problem. 

* Provided H (p) ¥ 0. This restriction is of no consequence in physical prob- 
lems, where the roots of H (p) are in general complex with real part negative. 
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Now equation (5) may be written, when Fit) = e*, as 
d a 

x(b) = er! / ey hiyjydy 
dt 0 P 3 

d \ ‘eae as ; / 

= en | e-**¥ h(vi)dy — ef / e hi y)dy (b) 
dt / ey o's \ 


Now the first term of the expression involves f only through the ex- 
ponential term while the second term involves ¢ through the lower 
limit of the integral which ultimately vanishes and therefore includes 
no term involving ¢ only through the exponential. Consequently 
the first term of (}) is identifiable as the particular solution of (a) and 
by direct equation it follows that 


‘sr 


1 pllip / eo h y)dy (9 


which is the required formula. 

The most important restriction which is implicit in the foregoing 
is that in splitting up the definite integral of (5) we have tacitly as 
sumed that A(t) is finite for all values of f; a restriction which is 
necessary in order that the infinite integral shall be convergent for 
all positive real values of p. This condition is satistied in all physical 
problems and therefore introduces no practical limitation of im- 
portance. 

However, even when this restriction does not hold formula (9%) may 
be valid and uniquely determine /i(t) if p is restricted to values which 
make the infinite integral convergent, or when the problem is) such 
that e “A(t) is an exact derivative. As an example, suppose that 


) 
1 Hip) f 
a 
where a is a real positive quantity. It may be otherwise shown that 
I | b 
h(t) = e” and tormula (9) becomes 
l = 
= / e- (b—ayt dg 
p ig e/() 


which is valid when p>a. 


APPENDIX Il 


The discussion in the text does not pretend to be a proot of the 
power series expansion in any. strict: sense. A) more. satisfactory 


discussion proceeds as follows: 
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We assume that 1 //(p) can be formally expanded in the series 


NO 
in p* 
0 
We shall here introduce a necessary restriction on the function 1 7/(p). 
It must include no function which is represented asymptotically by 
a series all of whose terms are zero; that is a function @(p) such that 
the limit, as p approaches ox, of p"o(p) is zero for every value of 1. 
The function e? is such a function. (See Whittaker & Watson, 
p. Lo4.) 
With this restriction understood, start with the integral (9) and 


integrate by parts; we get 


l 


ra 
‘= _— (1) 
Hp) h(o) + I e~ Ph) (t)dt 


where h'™’(t) = d" dt"h(t). 
Now let p approach infinity; in the limit the integral vanishes and 


h(o) = 1/H(o) = do 


from the asymptotic expansion. 
Integrate again by parts; we get 


pil Hip) — ao) = hk®(o) + [* eh (de. 
0 
Now let p again approach infinity; in the limit the integral vanishes, 
and the right hand side, by virtue of the asymptotic expansion, 
approaches the limit a@;, whence h"’ (0) = a;. Proceeding in this 
manner, repeated integrations by parts establish the relation 
h” (0) =a,. But provided the series is absolutely convergent, then 


A) = “ h™(o)t* /n! 
sd 


nN Peer 
= ayl*/n! 
fed : 


which establishes the formula. 

The power series solution is applicable to a large class of physical 
problems and has been rigorously established under certain restric- 
tions by other methods than that employed above (see papers by 
Bromwich, Phil. Mag, May 1920, p. 407; Fry, Phys. Rev. Aug. 
1919, p. 115; and the writer, Trans. A. I. E. E. 1919, p. 345). 
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On the basis of the preceding and with the aid of formula 


expansions of the type 


a 


1/pH(p)~—= YS’ b,/prtt = foe Mh( tds 
Vv p fam a/V 


which occur in physical problems, can be dealt with. For since 


ot 


“ +o “~ 
\ b,/p**t! = / dt e~ % ‘\ bt" /n! 
J/0 — 


and 


1 y" , 
- = ry 
Vb se e~ dt ~/ xt, 


it follows from (10) that 


74 ’ ~ 
ki) = a - dy N bv" n! 


\ 


1 a b,,(2t)* 


Vrt wot (2m — 1) (2n — 3)... 
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The Physical Characteristics of Audition and 
Dynamical Analysis of the External Ear 
By R. L. WEGEL 


SyNopsis: This paper discusses some of the characteristics of the 
ear which have become important in the design and development of tele- 
phone apparatus and circuits. The held of audition, bounded by the 


curves of minimum and maximum loudness as functions of frequency, 
has been determined for a large number of ears, and the smaller included 
area most used in speech has been mapped. The nature of these fields in 
certain cases of abnormal hearing has also been determined and the condi 
tions which must be observed in designing apparatus to. satisfactorily 


reheve deatness are discussed 


The sensitivity of the ear is given in terms of the r. m. s. pressure 
measured by a calibrated condenser transmitter. [t is printed out in the 
appendix that this pressure is not necessat equal to that which, when 
ipplied to the ear drum, would just give rise to th Isation of sound 
However, it is the nearest approach to the value of this pressure which can 
be determined at present, and as the dynamical properties of the ear 
become more fully known it is pointed out how the relation between the 
two pressures can be more accurately stated Editor 


1. Introduction. It has become important in the design and 
development of telephone apparatus and circuits to know quantita- 
tively the various functional characteristics of the ear since the ear is 
an important dynamical unit in the long series of vibration transmitting 
apparatus constituting a telephone system. A complete analysis of 
this problem involves not only the properties of the physical circuit, 
but also the characteristics of the ear and voice and of the air passages 
between the mouth and transmitter and between the ear and receiver. 
It is the purpose of the present paper to discuss some of the character- 
istics of the ear and its outer air passages. 

Much has been learned about the normal ear by the investigation 
of the characteristics of abnormal ears. This has incidentally had 
an application to otological diagnosis and the design and building of 
amplifying apparatus for the deaf. 

This paper is a summary of the conclusions reached to date regard- 
ing the absolute sensitivity of normal and abnormal ears, the maximum 
sound to which the ear can accommodate itself, the much discussed 
‘quality ” 


points of “upper and lower frequency limits of audition,” the 
of audition, a brief mention of the binaural sense and the principles of 
rigorous dynamical analysis of the ear as a mechanism. A. briet 
description of the apparatus used is also given. 

The function of the auditory sense is to detect sounds of various 
kinds and wave shapes varying over a range of pressure on the ear 
drum of from about .0OL to 1,000 dynes per em? and over a consider- 
able part of this range to differentiate with certainty between complex 
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sounds so nearly alike that no existing physical apparatus can separat 
them. The binaural feature adds a sense of orientation with respect 
to a source and uniform sensitivity for sounds approaching from differ 
ent directions. The abnormal auditory sense may be regarded as 
lacking more or less in (a) range of sensation (frequency and intensity 
(b) quality of sensation in various regions of the range; (c) the bi 
naural sense. Apparatus and methods have been developed by means 
of which the outstanding features of these functions can be measured 
and to a limited extent compensated for. 

2. Minimum Audibility. kig. 1 shows a plot of the logarithmic 


average of minimum audible pressure on 72 normal ears taken through 
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out a range of frequency from 60 to 4,000 evcles.! Both the intensity 
and frequency scales are logarithmic. Although all skew errors in the 


determination of the average curve have not been eliminated, an 
investigation has shown that they are so small as not to affect the 
utility of the curve for the purpose of measuring deafness. Among 
the errors which obviously tend to raise this curve might be men- 
tioned, noise in the observing room, abnormality of hearing, lack of 
attention, and low mentality of the observer. Care was taken to 
reduce these errors to a minimum without actually making separate 


' This curve has already been published; The Frequency Sensitivity of Normal 
Ears, by H. Fletcher and R. L. Wegel, Proceedings of the National Academy of Sciences, 
January, 1922, and Physical Review, June, 1922 
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quantitative measurements of each of them on a rigorous statistical 
basis. 

The statistical deviation from the mean varies irregularly with fre- 
quency; very likely this is due mostly to the external anatomical 
Variations in ears which cause deviations in the dynamical constants 
of the transmission system from sound source to the ear drum. The 
dotted lines following the curve of minimum audibility represent 
approximately the ‘standard deviation.” 

3. Maximum Audibility. The curve marked ‘Maximum audi- 
bility’ represents the logarithmic average pressure on 48 normal ears 
required to produce the sensation of feeling. This represents the 
threshold of feeling in the same way that the minimum audibility 
curve represents the threshold of audition. A sound much louder 
than this is painful. The measurements were taken through a range 
of from 60 to 3,000 cycles. The standard deviation lines are also 
given from which it will be seen that this curve is quite as definite as 
that of minimum audibilitvy. While this point of feeling probably has 
no relation to the auditory sense it does serve as a practical limit to 
the range of auditory sensation. A few observations indicate that 
people with abnormal ears have a point of feeling sound which is not 
greatly different from that of normal ears, but this, of course, depends 
on the type of abnormality. The intensity for feeling is about equal 
to that required to excite the tactile nerves in the finger tips 

4. Lower and Upper Frequency Limits of Hearing. The curves of 
minimum and maximum audibility in Fig. 1 will be seen to have been 
extrapolated to the points of intersection at high and low frequencies. 
The feeling sensation in the middle range of frequency is first a tickling 
sensation and then becomes acutely painful as the loudness is in- 
creased. As the frequency is decreased the sensation of feeling becomes 
milder until frequencies around 60 cycles it is sensible as a flutter, 
but still quite different from the sense of audition. As the frequency 
is still further decreased to a point where the hearing and feeling lines 
appear to intersect, it is difficult to distinguish between the sense of 
hearing and that of feeling. The low point of intersection of the two 
normal curves of minimum audibility and feeling sense may, there- 
fore, be taken arbitrarily as the lower tone limit of audibility. For 
frequencies lower than this it is easier to feel than to hear the air 
vibration. The point of intersection cannot be determined by direct 
observation due to the difficulty in distinguishing between the two 
sensations. A similar intersection of the two curves occurs at some 
very high frequency. Sound waves of frequencies below the lower 
intersection and above the upper intersection are more easily sensed 
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~ 
e 
by feeling. Sound waves betwen these limits are more easily sensed 
by audition .? 

This suggests a rational way of denning and determining the two 
frequency limits of audibilitv. Measurements of these limits which 
have been made in the past are questionable because the intensity 
factor has been neglected. At the lower limit of audibility the ex- 
cursions of the diaphragm and ossicles of the middle ear are probably 
so large that the nerves feeding these movable parts are stimulated. 
This observation at low frequencies as indicated in this work lends 
color,to the hypothesis of otologists that abnormalities in the hearing 
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of low frequencies are due to pathological conditions in the middle 
ear. This point is probably related to the tests on flexibility of the 
ear drum or ossicular chain due to the application of air pressure as 
observed by otologists in examination. Loss of sensitivity at low 
frequencies is considered an indication of obstructive deafness if there 
is no loss at high frequencies. 

5. Sensation Area. From the combined standpoint of utility and 
logic the logarithmic relation between stimulus (pressure variation) 
and sensation can be assumed. The elliptical area between the two 
curves may then be taken to represent an area of sensation which is 


* The extrapolation upward of the curve of minimum audibility is consistent 
with some recent observations of Mr. C. E. Lane at the University of lowa, Physt 
cal Review, May, 1922. 
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characteristic of the normal ear. Any point within this area repre- 
sents a definite auditory sensation in frequency and intensity. The 
area of sensation is analogous to the field of vision of the eye. The 
part of this area which is most utilized in the interpretation of speech 
is represented approximately by the shaded area in Figs. 1 and 2 
and corresponds in a way to the center of the field of vision. A 
normal listener tries, by keeping at a certain distance from a speaker, 
to bring this part of his sensation area into play in the same way that 
when examining an object he directs his eyes so that it falls in the 
center of the field of vision. 

An abnormal ear may be regarded as having an area of sensation 
which is smaller than the normal area but included within it. Fig. 2 
is a plot of the minimum audibility of the right and left ears for a 
man (CHK) having a “‘catarrhal” deafness. The areas between 
these curves of minimum audibility and the curve of feeling are his 
areas of sensation. Tt will be seen that CHK retains about 50 or 60 
per cent of the normal amount of sensation. He hears and interprets 
conversation with some dithiculty. 

Since the CHK curves pass through the speech region, part of it 
is entirely inaudible and the remainder is near minimum audibility 
for him. In order to make him hear well, the speech area must be 
raised to a higher level of intensity or loudness as indicated by the 
dotted curve 

In general it takes a loss of about 20 per cent of the sensation area 
to become noticeable and much more is disagreeable. A loss of 50 
per cent requires the use of deaf apparatus. A loss of 75 per cent 
can be aided considerably by the use of high powered amplifying 
apparatus. 

6. Importance of Various Intensities in Speech. It is interesting 
to speculate on how CHEN interprets speech. It has been shown § 
that the intensity of speech may be varied over perhaps 70-80 per 
cent of the range of sensation without serious loss of intelligibility 
to the normal ear. As the sound intensity is decreased, the in- 
telligibility drops very suddenly to zero at minimum audibility. A 
similar drop is to be expected at an intensity so loud as to be painful. 
It is evident, therefore, that the range in which speech is intelligible for 
CHK is very considerably limited as compared to normal. It is 
possible to design a deaf set which raises the intensity of the principal 
speech region to any desired place within the abnormal sensation area 
and so in a measure, compensate for this narrowed range. The 
region in Fig. 1 ‘Region of Lesser Importance in Speech,” corre- 


> H. Fletcher, Journal of the Franklin Institute, June, 1922. 
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sponds to stimuli in conversation of lesser energy content, such as 


the minor shadings and fainter consonant sounds. While it is plysi- 
cally possible to produce an amplification of speech so that this region 


is raised into the diminished area it is impracticable to do so because 




















of the pain which would be caused by the louder components. \ 
diminution in sensation area can, therefore, be only partially con 
pensated for. In case the area is extremely narrow a deat set tur 
nishing optimum volume can only serve as an aid to lip reading 
ts Quality of Ilearing. Phe sensation of a normal ear at any point 
in the auditory schise rahnee hig. 1) mav be dese ribed by a number of 
different adjectives, such tor example as “clear,” “musical,” “even,” 
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sustained, smooth, pure, et Such a ae Iption may, im 
fact, be taken as a reasonable indication that the quality of ser i 
at the point in question is normal. Abnormal ears sometimes ex 
perience a subjective degeneration of quality of pure stimuale wlach 
they describe as “rough,” “harsh,” “sharp,” “buzzing,” “vibrating.” 
“hissing,” ete. This subjective degeneration is independent of any 
tinnitus or head noises which the patient may have. Tig. 3 slows 
various regions of the sensation area which are degenerated in the 
case of CHK, left ear. The shaded area was not explored. “Thi 
boundaries of the degenerated regions are usually more sharply 
marked than the outer boundaries of the sensation area. “Thy 


tions in these areas are so radically different from the sensation of a 
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pure tone that it is with difficulty that the patient is convinced that 
the stimulation is the same pure tone to which he has been listening 
at the other intensities. The subject of these tests is a violinist and 
capable of better descriptions and finer distinctions than average. 

Since all speech sounds may be considered as stimuli composed of 
various frequency components of certain intensities, the sensation 
caused by such a sound may be represented on this plot by points, 
or by a line provided the sound has a band spectrum. If the points 
or line, falls within the sensation area the sound is audible. It is 
easy to see that if the points or the part of the line which represent 
those frequency components most essential to interpretation of the 
sound, fall within any of these abnormal areas, the sound is very 
likely to be misinterpreted. This adds a further source of loss in 
intelligibility to that already observed due to a narrowing of the 
sensation range. When an amplifying deaf set is designed, due care 
should be taken to raise the principle speech region in such a way 
as to cause a mininium overlapping with the abnormal areas. 

Many practically normal ears have verv small abnormal areas. 
They have always been found near minimum audibility and ‘f this is 
always true would, therefore, have little influence on the hearing of 
the individual. They seem to be associated with “‘catarrhal” con- 
ditions although this cannot be stated positively. 

8. Binaural Sense. The normal individual has learned to interpret 
the differential sensations of the two ears to advantage. It helps 
him to locate the direction from which sounds come, to have a sort of 
sense of orientation with respect to sounds approaching from different 
directions, and whether for physical or for purely psychological 
reasons to assist in focusing of the attention on one sound of a large 
number. Two ears also assist the individual in perceiving equally 
well sounds coming from different directions. 

When one ear becomes less sensitive, even though the loss is 
small, the use of the binaural sense disappears an ! after a time is not 
missed, the subject depending upon other means of locating sounds. 
kor the binaural sense to be most effectively utilized it is necessary 
that the ears be very nearly alike. When a binaural deaf set is made 
and fitted to a person with compensating sensitivity for the two ears 
so that both hear the sounds equally loud, the sensation is usually 
so novel, that if the patient is actually able to experience a binaural 
sensation he is very much pleased. Usually, however, he has not 
used his binaural sense for so long a time that it takes a considerable 
amount of practice before he is able to have binaural experiences. It 
may be noted in this connection that the same experience is en- 
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countered in fitting the eyes with glasses. It is found that people 
with two eyes which are slightly different do not see stereoscopically 
but if glasses are made so as to compensate and make the eves nearly 
alike, it usually takes a certain amount of practice before the sense 
of perspective can be brought back. 


APPENDIX 


9. Experimental Methods. In order to discuss the principles of ear 
sensitivity measurement on a rigorous dynamical basis, it will perhaps, 
be clearer to describe briefly the experimental method used in pro- 
ducing known sound pressure in the ear canal at the various fre- 
quencies and intensities.’ 

As a source of sound, a small thermal receiver unit was used. This 
consisted of about twenty very small loops of Wollaston wire con- 
tained in a brass case small enough to be inserted in the external ear 
canal and entirely stop it up. In the average ear a volume of about 
1 cm.’ of air is included between it and the drum membrane. A direct 
heating current is passed through the receiver and an alternating 
current of the desired frequency and intensity is superimposed to 
modulate its temperature. This modulation in temperature causes 
alternate expansion and contraction of a very thin film of air covering 
its surface and so produces alternations in pressure in the ear canal 
of the frequency of the impressed alternating current. The intensity 
is proportional to this alternating current if it is maintained small 
compared with the direct current. This arrangement permits of 
producing alternating or sound pressure on the ear drum with a 
comparatively simple dynamical relation between the source of 
sound and the ear drum. The thermal receiver is also dynamically 
one of the simplest sources of sound known. 

The sound or alternating pressure was determined by calibration. 
This was done by inserting the thermal receiver in an air cavity of 
1 cm.’ volume in front of a condenser transmitter diaphragm by which 
the alternating pressure developed by a given current in the receiver 
could be measured.® By measurement of the current for minimum 
audibility or ‘‘maximum audibility”’ or for any other intensity the 
pressure in the ear canal is determined. 

10. Dynamical Principles of Kar Measurements. Fromadynamical 


standpoint the phrase ‘‘sensitivity of the ear”’ as it is usually used is 


‘For further details, see ‘* The Frequency Sensitivity of Normal Ears,” H. Fletcher 
and R. L. Wegel, Physical Review, June, 1922. 

§’ For the method of calibration of the condenser transmitter, see article by H. D. 
Arnold and I. B. Crandall, Physical Review, July, 1917 
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rather indetinite. When a figure is given in ergs per second, the rate 
of flow of energy through an area equal to that of the ear opening in 
an unobstructed wave, is commonly meant. This has no simple 
relation, theoretically at any rate, to the net rate of flow of energy 
into the ear when the head ts placed as an obstruction to the wave. 
The distortion of the sound tield by the head varies greatly with 
frequency. Similarly, there is no simple relation between the energy 
flowing into the ear and that transmitted to and absorbed by the ear 
drum or bv the cochlea. In the experiments recorded above, atten- 


tion Was paid to the experimental set-up so as to make the figures 


given have a more detinite dvnamical significance. Sensitivity is 
given in terms of the alternating (root) mean square) pressure to 
produce a minimum audible sensation. The term “pressure” has so 
far been used ina rather loose sense. Just why this is so will be seen 


from the following argument. 

The imnapole st method of desc ribing the constants of a mechanical 
system is in terms of the components of its mechanical impedance 
and their relative dispositions in the same way that an electrical 
circuit is described by giving its resistance, inductance and capacity 
and the way in which they are connected. Ina linear system having 
a single degree of freedom, the impedance may in general be written 
in the form 


vA r+wjm + s. jw. 
The svmbols are as follows: 


\ is 


ze 2r times the frequency, 

r frictional resistance to motion, with respect to a station- 
ary body and involves dissipation of energy at a rate 
of wr where ¥ is the root mean square value of the 
relative velocity. Phe velocity & will be assumed 
simply sinusoidal in what follows, 


ml Mass or inertia constant involving an average storage 
kinetic cnergy of wm through one eyele, 

s = stiffness constant involving an average storage of 
potential energy through one evele of xs (uw 


If the rom. s. alternating foree acting is FF, the motion at any 
frequency is given by 


x= F/Z. 


In analyzing a system in which the constants may be considered 
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as “lumped,” that is in which, for the purpose of practical solution, 
a finite number of degrees of freedom may be assumed, the method 
is to find the most useful way of “lumping” these constants. The 
motions are then represented by a series of equations, one for each 
degree of freedom, between the forces acting and the impedances 
and velocities. The determinant of the coefficients of these equations 
is the Lagrange determinant of the system. The only caution to be 
observed in lumping the constants is that the reciprocal relation, 
which is a property of any linear system holds also for the physical 
system which the assumed Lagrange determinant is supposed to 
represent, 

The method may be illustrated by the following application to the 
sensitivity measurements described above. 

The dynamical system used in calibration with the condenser 
transmitter consists of three parts: 


(a) The very thin pulsating air film over the thermal receiver 
filaments. The expansion of air around the wires is represented by 
the ‘diffusion’ equation, the solution of which in such a case of 
cylindrical symmetry is given as a Bessel’s function of the distance 
from the wire.° This wave is so quickly damped in travelling away 
from the wire as to be negligible bevond the first zero point of the 
Bessel's function. The vibrating system of this receiver may then 
be considered as a cushion of air next to the wire of a thickness a little 
less than the first half wave length of the heat wave. The thickness 
of this cushion is an inverse function of the frequency. 

(b) The air chamber between the thermal receiver and con- 
denser transmitter diaphragm having a volume of 1 em.’ and en- 
closed by practically unvielding walls with no openings. 

(c) The condenser transmitter diaphragm, being stretched very 
tightly and air damped. It may also be regarded as unvielding, or as 
having an impedance very high compared to that of the connecting 
air chamber. 


If for simplicity the mass reaction and internal losses in the air 
chamber may be neglected, it may be seen that thesmoving system 
of the receiver may be regarded as a weightless and_ frictionless 
“diaphragm” surrounding the wires at a distance equal to the effective 
thickness of the active air film and may be shown to have an intrinsic 
stiffness reactance of: 


®See Wente, Physical Review, April, 1922. 
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In this expression, y is the adiabatic constant of air, py the atmos- 
pheric pressure, a; the area of the fictitious diaphragm, and 7, the 
volume of air in the film. This diaphragm is loaded externally by 
the air chamber, when the transmitter diaphragm is prevented from 
moving, by a stiffness reactance of 

a1 i RY te 
Wa St oe 

Jw Uv 
in which v is the volume of the air chamber. Similarly, the load of 


the air chamber on the transmitter diaphragm, whose area is de, Is 


in 2 a eS. 


jw juv 


The air chamber also acts as a mutual impedance between the 
thermal unit and the transmitter diaphragm equal to 





S; >. ypva 1d 


Mi2 = 
Tw Juv 
If, further, the intrinsic impedance of the transmitter diaphragm, 
which may be any function of frequency, be denoted by Ze, the 
equations of motion of the system may be written 


P= (Z, + M}) xX) — Mien Xo, 
QO= - Mie x, —- (Zo - M)}) Xe. 


In these equations, F is the force acting on the thermal receiver 
“diaphragm” due to alternating current, x; the velocity of its motion 
and xX», the velocity of motion of the condenser transmitter diaphragm. 

A rough calculation shows that 7; is very small compared with v, 
so that S; may be neglected compared to s; and that the reaction 
Miex2. may be neglected. The analysis of the condenser trans- 
mitter shows Zyto be very large compared to M5. These equations 
may then be rewritten 





F = Z,%, 
[he equations of motion, when the receiver is inserted in the ear, ; 


may be derived in a similar way. In this case, although the volume 
of air between the receiver and ear drum is the same as before, the 


















































PHYSICAL 





CHARACTERISTICS OF AUDITION 67 


- walls may yield appreciably, particularly in some frequency ranges. 


e The mutual impedance between the receiver and ear drum, is, there- 
y fore, not necessarily a simple stiffness reactance. Also the loads due 
i to it on the thermal receiver and ear drum, which in this case takes the 


place of the transmitter diaphragm, are not simple stiffness reactances. 
The constants in the case of the ear system will be denoted by the 
same letters as those used in the calibration but with the primes 
dropped, with the exception that the intrinsic impedance of the ear 
drum is denoted by D. PD includes the reactions of the ossicles of 








It the middle ear and the cochlea and is probably a complicated function 
of frequency. If, as may be expected, nature’s design is efficient, 
then D must be of the same general order of magnitude as the load on 
the ear drum, MWjy., of the ear canal. This probably constitutes the 
largest difference between the calibration and the observational 
systems. Strictly, of course, the condition for maximum power 

- absorption by the ear drum from the air is that J) be the conjugate 
of the impedance of the load on it due to the unobstructed ear canal. 
This condition is not obtained in nature because of such requirements 
placed on the design as protection from injury, ete. 

In the case of the ear, J; may again be neglected, compared to 

' Z,, and the reactance, Jy. x2 may be neglected. Then 

: F = Zin, 

O= — Myx,+ (D+ Me) x2, (2) 
where 2 represents the velocity of motion of the ear drum. Suitable 
variations with frequency are implied in each of the “ constants ' 

” of this system. 

We are now in a position to see just what has been measured and 

: called, for the sake of brevity or want of a better name, “ minimum 

; audible pressure "in the first part of this paper. 

cs Let x; now represent the velocity of the receiver diaphragm in 

4 both systems corresponding to that necessary to obtain a minimum 

é audible sensation in the ear, and F the corresponding force. Then 

, x» will be the velocity of the ear drum corresponding to minimum 

audibility in equation (2). In the calibration, the pressure p’ on the 

; condenser transmitter diaphragm corresponds to x;. The total force 
L) ; acting on this diaphragm is p’a’ where now a’ designates its area. 

Since this force is relieved by the motion of the diaphragm, it is seen 
tr, 3 from equation (1) to be equal to 

1e 






p’ a’ = Mj24. (3) 
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Similarly if the actual pressure on the ear drum is p, and its effec- 
tive area, a, the total force on the ear drum pa = D x2. Combining 


equations (2) and (3) gives 


,  @ M (M2 x2 
POM ( 7 p). (4) 
or 
p= pia’ _ Mri ‘a 
M’a a 


The pressure p is the actual pressure on the ear drum. The 
pressure p’ is that measured and plotted in the diagram. If the walls 
of the ear canal and the ear drum were unyielding, p and p’ would be 
identical for then Mo= M’ and A. x. a would vanish. If the yield 
of the ear canal walls were such as to relieve half the pressure in the 
canal and that of the ear drum about the same, the difference would be 
considerably less than one of the divisions, in the diagrams, on the 
intensity scale. Hf the drum impedance ) should be found to be 
negligible compared to its load J». the difference would be consider- 
able. This, however, is hardly to be expected even through narrow 
ranges of frequency. If the impedances in the formulas were measured 
the energy flow into the ear drum could be computed. 

In conclusion, the present status of the ear problem may be sum- 
marized. The philosophy of external ear dynamics has been touched 
on but there still remain difficult problems both theoretical and ex- 
perimental. A start has been made on a sound basis in the explana- 
tion of the action of the cochlea by Roaf, ‘* Analysis of Sound Waves 
by the Cochlea,” Philosophical Magazine, February 1922. Nothing 
dependable has as yet been published on the action of the middle 
ear for audio frequencies. It is usually assumed that the various parts 
undergo relative displacements at audio frequencies in the same way 


as they react to static forces but this is very likely far from the truth. 
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The Theory of Probabilities Applied to Telephone 
Trunking Problems 
By EDWARD C. MOLINA 


HE Theory of Probabilities lends itself to the solution of many 

important telephone problems. These problems arise not only 
in connection with the trunking of calls but also in_ statistical 
studies which underlie the making of fundamental plans, in studies 
carried on in physical research and in the manufacturing of telephone 
apparatus. 

The purpose of the present paper is to discuss certain simple types 
of trunking problems which can readily be handled to a sufficient 
degree of approximation by well-known probability. methods. It 
would be quite impossible, within the scope of a single paper to give 
a complete discussion of trunking problems in general. For years! 
it has been known that light could be shed on these problems by the 
application of probabilities and many articles* have appeared on 
this subject; however the treatment to be found in the literature is, 
as vet, by no means comprehensive. 

About 1905, the development of machine switching systems arrived 
at a stage where the relative efficiencies of different sizes of trunk 
groups became of prime importance. 

In designing and engineering machine switching systems, it is 
necessary to compare the costs of various plans using trunk groups 
of widely different sizes, in order to choose the cheapest arrangement. 
Some plans use trunk groups as small as 5 and others groups as large 
as 90. 

Machine switching development, therefore, gave a great impetus 
to the application of the Theory of Probabilities to telephone engineer- 
ing and in the Bell System work along this line has been in progress, 
systematically, for many vears. This work has included not only 
the theoretical solutions of various trunking problems, but has also 
involved the computation of special probability tables and collec- 
tion of data by means of which theoretical results have been closely 
checked. 

In the articles which have hitherto appeared, little or no effort 
has been made to present the mathematical theory of trunking in a 


1G. T. Blood of the A. T. & T. Co. in 1898 found a close agreement between the 
terms of a binomial expansion and the results of observations on the distribution 
of busy calls. The first comprehensive paper was one written by M. C. Rorty in 
October 1903 and was quite widely circulated within the Bell Systen 

? An excellent bibliozraphy is given by G. F. O'Dell in the P.O. E. E. J. tor Octo 
ber 1920. 
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manner that can be understood by those who are not experts on the 
subject. It is hoped that this article will assist the reader in under- 
standing both what has been and will be written on the subject. As 
Poisson * has said “‘a problem relative to games of chance and proposed 
to an austere Jansenist by a man of the world, was the origin of the 
calculus of probabilities,”’ and today the reader will find that in the 
majority of text books the subject is introduced by the solution of 
games of chance and particularly of dice problems. This established 
custom will be followed by the present writer who, in the course of 
this article, will show how various fundamental trunking problems 
can be transformed into equivalent dice problems. This being done, 
solutions will be found to be at hand. 

Three trunking problems, each one step more complicated than 
the preceding, will be dealt with. In order to facilitate the trans- 
formation to the three equivalent dice problems it is desirable that 
the basic assumptions made be as simple as possible. The asump- 
tions made in all three problems are: 


A--During the period of time under consideration, the busy hour of 
the day, each subscriber's line makes one call which is as likely to fall at 
any one instant as at any other instant during the period. 

Conditions substantially approximating this assumption frequently 
occur in practice. 

B- lf a call when initiated obtains a trunk immediately it retains 
possession of that trunk for exactly two minutes. In other words, a 
constant holding time of two minutes duration will be assumed. 

In practice, holding times, of course, vary from a few seconds to 
many minutes and it may at first sight seem that the assumption of 
a constant holding time might lead to results deviating too much 
from practice to be of value. On this point, the theory of probabilities 
itself sheds some interesting light. As will be pointed out in the 
following problems, the assumption of a constant holding time is 
the equivalent of a dice problem in which a single die, or several iden- 
tical dice are considered. The telephone problem = with variable 
holding times may he reduced to the consideration of many dice, 
each with a different number of faces. Suppose 600 throws are made 
with a die having 6 faces so that on the average !¢ of 600 or 100 aces 
would be expected. With Bernoulli's formula it is easy to find the 
probability that the number of aces which turn up shall lie between 
75 and 125, that is to say, within 25 on each side of the average. Now 
suppose 200 throws are made with a die having 20 faces, 200 with a 


3 Poisson, Recherches Sur La Probabilite Des Jugements, 1837. 
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10 face die, LOO with a 5 face die and finally 100 with a 2 face die 
These 600 throws would also give on the average 100 aces. Using 
Poisson's generalization of the Bernoulli formula * we can calculate 
the probability that these 600 throws with various kinds of dice shall 
give a number of aces lying between 75 and 125. This probability 
will be greater than in the case of the 600 throws with the die 
with a constant number of faces, 7.e., the chance that the result will 
come outside the range 75 to 125 is less. 

The thought is at once suggested that for the same total volume of 
traffic and average holding time, fewer calls would be lost when the 
holding time is vot constant. The above theory was tested in practice 
a few years ago by the engineers of the American Telephone and Tele- 
graph Company, who made pen register records of hundreds of thou- 
sands of actual calls as handled by groups of machine switching 
trunks at Newark, New Jersey. A pen register was made which 
operated as follows: Each trunk in the group was represented by a 
pen. These pens were mounted side by side and each was controlled 
by a magnet in such a manner that when the trunk was busy the pen 
made a mark on a wide strip of paper driven at constant speed under 
the pens. There was thus obtained a record showing when each call 
originated and when it was concluded. An artificial record was now 
made showing what would have happened if each call had lasted for 
the average holding time as determined from the original record. 
Some 100,000 calls were analyzed in this manner and it was found that 
with a group of trunks of a size to carry the calts of the original record 
with only a small loss, 30 per cent. more calls would have been lost it 
the trathe had been as shown by the artificial record. It should be 
borne in mind, however, that a 30 per cent. change in a probability 
of the order of one in one hundred, considering the values we are deal- 
ing with, is practically negligible. 

C—If a trunk is not obtained immediately the calling subscriber 
waits for two minutes and then withdraws his call. If while waiting 
a trunk becomes idle he takes it and converses for the interval of time 
remaining before his two minutes are up. 

This assumption, although artificial, simplifies materially the analy- 
sis of the problems. Just what happens in practice to every call 


‘This result is here reached by assuming that each subscriber originates one call 
per hour. The conclusions are the same, however, even when this is not true, pro 
vided the term ‘holding time” is understood to mean the aggregate of all the talking 
times of the subscriber in an hour. 

It may also be mentioned in passing that for a fixed volume of traffic, the dis 
crepancy decreases as the number of subscribers who originate that trattie increases 
that is, it is less when the group is composed of a large number of relatively idle 


lines than when it is composed of a small number of very busy ones 
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which fails to get a trunk immediately is unknown. It is obvious, 
however, that when the number of trunks is such that the liability of 
the call failing to get a trunk immediately is very small—for example: 
of the order of one in one hundred—the reaction of these calls on other 
calls must be negligible independently of whatever assumption ° is 
made in place of C. 

Pros_emM I 


Referring to Fig. 1 consider a group of 269 subscribers’ lines each 
equipped with a 20-point line switch. When a subscriber removes his 
receiver his line switch revolves and picks up the first idle trunk which 
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it comes to. The 20 points of all switches are multipled together so 
that a single group of 20 trunks must handle the calls originating from 
these 269 lines. 

What is the probability that when a particular subscriber X calls he 
fails to obtain a trunk immediately ? 

Referring to Fig. 2 let point P represent the unknown instant 
within the hour at which X calls. Consider the two minutes imme- 
diately preceding the instant P. Evidently, by assumption C, calls 
falling outside of this particular two-minute interval can not prevent 
X trom obtaining a trunk. 


® It is well known that the Erlang formula which is based on an assumption dia- 
metrically opposed to assumption C, namely that calls which find all trunks busy 
do not wait for a trunk to become idle, gives essentially the same results (for small 
probabilities, which are the only ones of interest in practice) as the Poisson furmula 
which assumes C. 
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If, however, at least 20 of the remaining 268 subscribers initiate 
their calls within the particular two minutes under consideration, 
there will be no trunk immediately available for Y. This follows 
from assumptions B and C. 

Consider some one of these 268 other subscribers, tor example ¥. 
The probability that Y calls in the two minutes under consideration is 
by assumption A, the ratio of 2 minutes to 60 minutes, or | 30, which 
is exactly the same as the probability that he would throw an ace if 
he were to make a single throw with a 30-face die. Likewise the 
probability. that still another subscriber calls in the two minutes 
under consideration is exactly the same as the probability that this 
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other subscriber should throw the ace in a single throw with a 30-face 
die. 

It is evident then, that the probability that Y tails to get a trunk 
immediately is the same as the probability of throwing af /east 20 aces 
if 268 throws are made with a 30-face die. To facilitate the de- 
termination of this probability and the solution of similar problems, 
probability tables of a type shown in Table | have been computed.’ 
In the table, the average number of times an event may be expected 
is represented by a. The probability that the event occurs at least 
a greater number of times « a +d is represented by P. In the 
problem under consideration, the average number of aces expected is 

269 
8.96 = ay Likewise in the present problem « 20. Turning to 
the table, we find that corresponding to « 20 and a 8.96, the 
value of the probability P is .0O1. In the particular telephone prob- 
lem under consideration this means that once in a thousand times 


§ Table | is to be found in the Appendix and its origin is there explained 
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when XY calls, at least 20 of the other subscribers will have called in 
the two minutes immediately preceding, and therefore X[fails to get a 
trunk immediately. In other words, we may consider that on the 
average one in every thousand calls is lost. oan S* 

In the problem just considered, a known number of subscribers’ 
lines have had a known number of trunks assigned to them and we 
have inquired the probability that any subscriber would fail to find 
an idle trunk. It is frequently desirable to change the statement of 
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the problem slightly. For instance: given a known number of sub- 
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scribers’ lines and having decided upon a desirable value of the prob- 
ability P, we may inquire the number of trunks which must be as- 
signed. It is evident that in this problem we would enter the table 
knowing the value 8.96 and .001, and would find corresponding to 
these, the number 20 as representing the size of the required group 
of trunks. 

PROBLEM II 


Referring to Fig. 3 consider a group of 591 subscribers’ lines each 
equipped with a 35 point line switch giving access to first selectors. 
We will suppose for illustration that each first selector has 10 levels 
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or choices. The reader unfamiliar with automatic systems may 
consider a 10 level selector as one from which calls may be sent in 10 
different directions. Assume that each level is equipped with 8 
trunks to second selectors. The 591 line switches are multipled 
together so that one group of 35 first selectors must handle the calls 
originating from these 591 lines. The 35 first selectors are multi- 
pled together so that one group of 8 second selectors must handle 
the calls originating from the 591 lines for a particular level. It is 
assumed that the 591 calls are distributed at random with reference 
to the 10 levels of the first selectors. 


The probability that Y should fail to obtain immediately a first 
selector can be determined as in the first problem, but now let us 
determine what is the probability that subscriber VY (having obtained 
immediately a first selector) fails to obtain immediately one of the 
8 trunks of a particular one of the 10 levels on the first selectors. 

For subscriber VY to interfere with Y it is necessary that } originate 
his call in the two minutes preceding the instant at which 1 calls 
and also that Y call for the particular one of the 10 levels in which 
X is interested. 


The probability of VY fulfilling the first condition is equal to the 
probability of throwing the ace with a 30 face die. The probability of 
V fulfilling the second condition is equal to the probability of throw- 
ing the ace with a 10 face die. 

The question may then be stated in the form of a dice problem as 
follows: 591 throws are made with a 30 face die giving ( aces. C 
throws are made with a 10 face die giving ) aces, and the question 
is the probability that ) is not less than 8. Assuming no restrie- 
tion? on the value of C this probability is the same as that of throwing 
at least 8 aces in 591 throws with a die having (30) (10) = 3800 faces. 


The average number of aces to be expected is (591 300 1.97 and 
with this average the tables tell us that once in a thousand times 
we may expect at least 8 aces. 

’ Since it is assumed that X obtained a first selector it follows that in the 2 minutes 
preceding the instant when X called the number of calls must have been less than 
the number of first selectors and we should, therefore, not count the throws giving 
values of C which are not less than the total number of first selectors. This res- 
triction becomes of practical importance only where a large proportion of the calls 
from the first selectors go to one level. To take an extreme case, assume that all 
the calls went to one level, and that therefore each 10 first selectors would require 
10 second selectors to handle the traffic. Placing no restriction on the value of C, 
since C exceeds the number of first selectors occasionally, we would get the result 
that 10 second selectors were not enough to handle all the calls from 10. first selectors, 
which is of course absurd. Where, however, the values of C exceeding the number 
of first selectors are assumed to be distributed over all 10 levels of the first selectors 
their effect on the number of second selectors is negligible. 
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PROBLEM III 


In practice, a modification of Problem II frequently arises. As- 
sume an arrangement similar to that of Problem II except that the 
number of lines is multiplied by a factor of perhaps 3 or more, each 
line switch, however, still having access to all first selectors. The 
required number of first selectors will also be larger but not in ex- 
actly the same ratio because the margin of idle selectors need not be 
relatively as great in the large system as in the small. An enlarged 
group of trunks running from the first selectors to the second selectors 
will now be required, and it will be assumed that there are four times 
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as many trunks coming from each level of the first selectors as there 
are points of contact on each level. To meet this situation, the 
first selectors and their outgoing trunks are divided into four sub- 
groups as shown in Fig. 4. The corresponding sub-groups of second 
selectors are designated by G,, Ge, Gs, Gy, the number of trunks to 
each sub-group being 10. The solution of this problem depends 
primarily on the manner in which the line switches distribute calls 
to the first selectors. Three cases will be considered. 
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Case 1 


Referring to Fig. 4 consider a group of 7 1486 lines, and let the 
traffic be divided among the ten levels or directions available in 
such a way that on the average !3 of the calls are made for a particular 
direction or level. Let us suppose the circuit connections between 
the line switches and first selectors to be such that the calls are dis- 
tributed individually at random. By this is meant that the first 
selector seized by a calling line is as likely to be one having access 
to sub-group G; as to sub-group Ge, Gs or Gy. Note carefully that 
this distribution is assumed whether or not the calling line wants 
the particular level under consideration. One way of securing this 
random distribution by sub-groups would be to allow the line switches 
first to choose by chance one of the four sub-groups of first selectors 
and then to choose an idle first selector in the sub-group. 

Question—What is the probability that when subscriber Y calls 
he fails to obtain immediately a trunk to a second selector? It is 
assumed that Y obtained a first selector and that his call is for the 
level under consideration. 

As before we are interested in the calls made during the two minutes 
preceding the instant at which Y calls. Let the number of these calls be 
C. Of these C calls a certain number ) want the level for which 
has called. If at least 10 of these D calls were distributed by the 
line switches to first selectors having access to the same sub-group 
as the one to which the first selector seized by has access, then 
there will be no idle trunk in the sub-group for VY. Our telephone 
trunking problem evidently transforms to the following series of 
dice problems. 


Ist. 1486 throws are made with a 30 face die giving C aces. 

2nd. C throws are made with a 3 face die giving D aces. 

3rd... D throws are made with a 4 face die giving x aces, and the 
question is the probability that x is not less than 10. 


By the theory of dice (assuming no restriction’ on the value of 
C) the probability is the same as that of throwing at least 10 aces in 
1486 throws with a die having 30 & 3 & 4 = 3860 faces. The average 
number of aces to be expected being 1486360 = 4.13 the probability 
tables give .OL as the answer. 


Case 2 


As in Case 1 assume that on the average !3 of the calls are for 
the level under consideration, but take » = 1725 for the number of 


lines. Now suppose the circuit connections between line switches 
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and first selectors to be such that the calls are distributed uniformly 
to the first selectors, meaning that if at any instant C calls exist, C 4 
of them are on first selectors having access to the 10 trunks of sub- 
group Gy, C 4 are on first selectors having access to the 10 trunks 
of sub-group Gz and so on. With a constant holding time such as 
assumed this result could be secured by a device common to all line 
switches which would route the first call to the first sub-group, the 
second call to the second sub-group, ete. 

X will, as before, be interested in the calls falling in the two minutes 
preceding him. By hypothesis !4 of these will have been distributed 
to first selectors having access to the same sub-group of second selec- 
tors as the first selector seized by X. Finally, the probability is 1", 
that one of these calls wants the level in which X is interested. The 
equivalent dice problem is therefore: 


Ist. 1725 throws are made with a 30 face die and the number of 
aces which turn up are noted. Let this number be C. 
2nd. C/4 throws are made with a 3 face die. 


What is the probability that this sequence of throws results in at 
least 10 aces?) This probability is not that of getting at least 10 aces 
if 1725 throws are made with a die having 30 * 3 = 90 faces. We 
must write separately the formula for each of the two steps of the 
problem, then multiply them together and finally sum the product 
for all values of C 4 from 10 up. If this is done, again ignoring the 
restriction on the upper limit of C, the answer will come out 0.01. 
Note that whereas in Case 1 the average volume of traffic carried 
by a sub-group of 10 trunks was 4.138, in this case, with the same 
probability of failure, it is 1725 (1/30) (1/4) (1/3) = 4.79. 


Case 3 

In conclusion, a third and very interesting case will be mentioned. 
A distribution of calls collectively at random would be an appropriate 
name, and its nature may be described as follows: 

Number each first selector and a corresponding card; shuffle the 
cards and deal out, for example, 37 of them. The distribution under 
consideration is such that when 387 calls exist the probability that 
they occupy a specified set of 37 selectors is equal to the probability 
that the cards dealt have the corresponding numbers. This dis- 
tribution of calls would be measurably secured by arranging the line 
switch multiple so that the trunks to the first selectors appear so far 
as possible in a different order before every line switch. This case of 
distribution differs from that of Case 1. In Case 1, if the first call 
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falls on a first selector having access to sub-group G,, for example, 
the second call still has the same chance of falling on a first selector 
having access to sub-group G, as on one having access to any one of the 
other three sub-groups. In Case 3, however, the busy first selectors 
tend to be distributed uniformly between the 4 sub-groups, so that 
if any sub-group should have a preponderance of busy first selectors 
the probability of its receiving another call is less than the probability 
that one of the other sub-groups, with more idle first selectors, should 
receive it. The full discussion of this case is reserved for the future. 


APPENDIX 
INTRODUCTION TO THE MATHEMATICAL THEORY OF PROBABILITIES 


If it is known that one of two events must occur in any trial or 
instance, and that the first can occur in « ways and the second in v 
ways, all of which are equally likely to happen, then the probability 
that the first will happen is mathematically expressed by the fraction 


ul 


i+ Vv 


while the probability that the second will happen is 


the last equation following from the first two, and being the mathe- 
matical expression for the certainty that one of the two events must 
happen. 

If the probabilities of two independent events are p; and p» re- 
spectively, the probability of their concurrence in any single instance 
is pipe, and in general if pi, pe, Ps, .... - p, denote the probabilities 
of several independent events, and P the probability of their con- 
currence, then 


P = PipzPs ae oe ey a Pn- 


Consider, now, what may happen in » trials of an event, for which 
the probability is p and against which the probability is g. The 
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probability that the event will happen every time is pppp..... Dp, 
where the factor p appears m times; that is the probability is p”. 
The probability that the event will occur (m — 1) times in succession 


and then fail is p""! gq. 

But if the order of occurrence is disregarded, this last combination 
may arrive in » different ways; so that the probability that the event 
will occur (7 — 1) times and fail once is np"-'g. Similarly, the prob- 
ability that the event will happen (#7 — 2) times and fail twice is 
p”* @ multiplied by n(mv — 1) 2, ete. That is, the probabilities 
of the several possible occurrences are given by the corresponding terms 
of the binominal expansion of (p + q)". Let 


P= p»+ (1) lg + (5 )e Se eee 


+ ( nN i ie + (") par (1) 
c+ C 
nN ii F 
where ( ) means ” (n — 1) (27 —2)..... (n—x+1)/(1) (2)..... (6), 
x 


Then P = probability that the event happens exactly times, plus the 


probability that it happens exactly (7 — 1) times... plus 
the 

probability that it happen exactly ¢ times: in other words, 
the 

probability that the event happens at least ¢ times in nm 
trials. 


If the series for P contains few terms it may be computed easily. 
In general, however, it is impracticable to compute P by means of 
the above binomial expansion. Other forms for the value of P 
must, therefore, be developed. 

One of the most convenient approximations for P when p is small 
has been developed by Poisson. It is known as Poisson's Exponen- 
tial Binomial Limit and gives the value of P by the following ex- 
pansion 


P = em@1°/(c)! + em@attl/(c + 1)! 

a ie eh ee ae Lee ad inf. (2) 
where e = base of natural logarithms = 2.718 ..... , @ = (mp) and 
eT s (3) (2) (1). 

The following Table gives corresponding values of P, a, ¢ satisfying 
equation (2). 


(c)' =cl(e — 1) (ec — 2) (c — 3) 
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The Relation Between Rents and Incomes, and 
the Distribution of Rental Values 
By W. C. HELMLE 


Synopsis: Many parts of telephone plant, such as central office buildings 
and equipment, conduits, underground and aerial cable at the time of 
installation must have the capacity to handle not only the immediate 
demand for telephone service, but also to take care of growth for a number 
of years to come. In order to engineer such items of telephone plant 
economically it is necessary to know in advance as accurately as possible 
what the demand for telephone service will be five, ten, or twenty years 
in the future. Forecasts of the future market are ve ry necessary 
for plant engineering, operating plans, rate treatment, and other purposes, 
in multi-central office cities. In such cities detailed estimates are made 
of the market some twenty years ahead and of its telephone development 
under stated rate conditions. Such estimates are called commercial surveys, 
and they involve a study of the various factors which, in the course of events, 
will be likely to control the industrial, commercial and residential deve lop- 
ment of the city concerned. 

In the course of such a survey, a rental classification of all families is 
obtained and at the same time a record is made of existing telephone service 

: in each rental class. The rent data of this article have been gathered in 
representative large cities throughout the country and the results as here 
set forth are being used together with many other kinds of data to guide 
the engineering of future additions to the plant of the Bell Telephone System. 

In general the income of a family is an index of the market it creates for 
various commodities including telephone service. Rental values may also 
be considered as such an index and the present study seeks to correlate rents 
with incomes. Rents can be readily recorded and classified, whereas it is 
not ——— determine the money incomes of large numbers of families. 
While it may be ideally possible, by a study of rent data, to compare the 
ret ed markets for telephone service and also the strength of the tele- 
phone habit in various cities, there are many practical limitations to such 
a procedure. Comparison of the residence market for telephone service 
in different cities, as determined by rent values, is made difficult by the 
fact that the variation between cities in rentals paid for substantially similar 
dwellings is considerably greater than the variation in prices for food or 
clothing. Further, there is considerable variation in rent levels even in 
different sections of any one city. Attempts to compare rent distribu- 
tions by application of the usual statistical measures of dispersion and 
skewness have proved unsatisfactory. However, a method of charting 
has been found by which rent distributions may be readily compared 
with one another and an index of spread or dispersion determined. It 
has been found that cumulative curves of rent distribution may be plotted 
on logarithmic probability paper to vield straight lines for a large number 
of cities. These are called logarithmic skew distributions. Although it 
has not been found saiiie to assign any special significance to the par- 
ticular value of the index of rent dispersion in any city, this index appears 
to remain practically constant for that city regardless of changes in the 
level of prices. In the appendix the mathematical features of the loga- 
rithmic skew curve are discussed.—-Editor. 


[' is a well recognized fact that the better class families, i.e., those 

with higher incomes, are a better market for telephone service 

than the poorer families. For purposes of market analysis in com- 

mercial surveys it is not feasible to determine the money incomes 

received by families but the rental values of dwellings, which, as 
92 
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will be shown, are a measure of the incomes of their occupants, are 
comparatively readily collected and classified. Rent data obtained 
in the course of a commercial survey show the “character” of a city 
and are used as a basis for estimates of the future residence telephone 
market. 

In view of the importance of these rent data, it seems desirable 
to study them in some detail to find out just what their limitations 
are. 

There may be set down in advance certain things which it is desirable 
to know, as, for instance, the relationship between money incomes 
and house rents and methods and limitations of comparison of different 
cities on the basis of rental values. On the first point, as applied to 
any particular city, a knowledge of the relation between incomes and 
rents is desirable in a general way, although there is no necessity to 
translate the telephone market expressed in terms of rent types into 
a scale of incomes. On the second point, the comparison of different 
cities, it should be ideally possible by a study of rent data to compare 
the inherent economic markets for telephone service, and also to 
measure differences in the strength of the telephone habit, but in 
practice only rough approximations may be made. 

Certain limitations to work of this kind are fairly evident. The 
most obvious difficulty is the fact that rent levels have changed 
along with the general price level. Rent levels in various cities differ 
according to the varving degrees of housing congestion and the 
varying social standards of the population. Furthermore, the varia- 
tion in rent levels extends to different sections of any one city. The 
mere fact that a given family paid say 830 rent is not an indication 
of that family’s economic condition or its value as a telephone pros- 
pect, unless there is also known the city and the part of the city in 
which that family lived, and the time when the given rent was paid. 
Therefore rent data from different cities and of various dates are 
not directly comparable at their face value. To adjust the money 
values of house rents for an accurate comparison of the telephone 
markets in different cities would require a knowledge of the relative 
proportions of income spent for rent in the different cities, of the 
relative levels of incomes and. rents at the time of the surveys as 
compared with their levels in some base vear, and perhaps of other 
factors equally difficult to estimate. 

Various rent tabulations can not be compared one with another 
without knowing something of the way in which rents are distributed 
about their average. The nature of the distribution is determined 
by the house count data, but from those data in their usual form it 
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is not easy, When making comparisons, to make proper allowances for 
ditterences in rent levels and in the schedule of rent classes. In the 
following pages there is discussed a method of charting by which 
rent distributions may be readily compared, and their spread or 
dispersion determined. 


THE RELATION BETWEEN RENTS AND INCOMES 


Rents as a Market Index. The relation between rents and incomes 
is concerned with the use of rental values both as an index of tele- 
phone market in a given city, and in comparing the markets in differ- 
ent cities. In what follows it is not always possible to separate these 
two views, but the distinction should be borne in mind by the reader. 

The goal of an analysis of residence telephone market is to determine 
the future sales possibilities. In theory either incomes or rents may 
be considered as an index of the telephone market. The market 
index adopted in commercial surveys is the rental of dwellings. 
This may be considered either as a direct measure of the ability 
and desire of families to subscribe to telephone service, or as an 
indirect: index, if incomes are considered the real measure of the 
market. If the first viewpoint is accepted, it may be logically con- 
cluded, although not proved, that rents are a better index of tele- 
phone market than are incomes. Incomes, as measured in money, 
are the nearest approach which may be made to a measure of the 
position of families on an imaginary scale of economic welfare. An 
attempt to translate rent data to an income basis, as a working 
method in commercial surveys would introduce errors with no com- 
pensating advantage, but a translation of this kind is more or less 
unconsciously made in making comparisons. 

Sources of Information. Much of the literature on the question of 
house rents versus incomes is generalization based on limited or 
antiquated data. Such careless statements as “‘rent approximates 
about one-third of the average worker's income,’ may be found in 
the literature of the subject. Adam Smith, the father of Political 
Economy, “‘made the assertion, surprising to us in these days, that 
the proportion of income spent in house rent is highest among the 
rich.” Frederick Engels concluded in 1857 that rent was 12 per 
cent and heat and light 5 per cent of the workingman’s expenditure, 
regardless of the amount of his income. 

Investigation of budgets in recent years has been confined almost 
entirely to the field of the wage earning class. The first really com- 
prehensive study was made by the United States Bureau of Labor 
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Statistics in several states in 1901 and 1802, and is detailed in the 
1903 annual report of that organization. It consisted chietly of a 
study of 11,156 so-called “normal” families, each including a husband 
at work, a wife, not more than 5 children all under 14 vears and no 
lodgers or servants. The average income of these families was S651 
Original work on a smaller scale has been done by R. C. Chapin 
» (1908) and by the Philadelphia Bureau of Municipal Research (1918 
The Bureau of Labor Statistics collected a large amount of data in 
1918 and 1919! concerning the incomes and expenses of 12,837 families 
in 92 towns having an average income of S1491. This investigation 
included families of wage earners and low salaried men, but none of 
the slum or recent immigrant classes. Families of the lowest type 
are automatically excluded from such studies as this by their inability 
to supply the desired information from accounts or from intelligent 
estimates. 

Distribution of Family Ex penses Representative distributions of 
family expenditures are given in Table I. The National Industrial 
Conference Board has adopted for use in computing their cost of 
living index and representative budgets a list of standard weights 
made by combining the results of a number of studies made from 
1901 to 1917.) Most importance was assigned to the first Bureau ot 
Labor Statistics study, the results of which it closely resembles 
The standard weights used by the Bureau of Labor Statisics are the 
result of surveys made in 22 cities from July 31 to November 30, 1918, 


covering families whose average income was S1,454 


FABLE | 


Distribution of Total Family Expenditure 
AVERAGES FOUND IN STANDARD WetoHts Usep py 


Bur. Lab. Stat. Bur. Lab. Stat. Bur. Lab. Stat. Nat'l Ind. Cont 
1 


First Second Weights in Board Budgets 

Study Study Cost ot ind Index of 

1901-1902 1918-1919 Living Index Cost of Living 
Food $3. 13°, 3850, 38 De: $3.13 
Rent 1S: 2 |S 13 4 17 65 
Clothing 12.95 16 5 16 6 13.21 
Fuel and Light 5 69 5.3 33 5 63 
Sundries 20.11 26.4 26.4 20. 38 


From Table I it may be inferred that the per cent spent for rent 
is reduced in a period of inflated prices, at least during the first part 


1 Monthly Labor Review, May—December, incl., 1919 
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of that period. This is reasonable, since rents respond less rapidly 
than most other prices to fluctuations in the general price level. An 
extreme example of this type is found in Germany where rents, 
which are to some extent under government regulation, “‘at the 
present time absorb not more than 3! per cent of total expenditure 
as against 20 per cent before the war.” * 

The percentage distribution of total expenses depends on the size 
of the family, the income received and the city lived in. Of course, 
it must be understood that any particular family may differ widely 
from general averages. Other things being equal, large families spend 
more for food and clothing and less for rent and sundries than do 
small families. Large families of the lower middle class accommodate 
themselves to whatever housing accommodations they can afford 
after the more inflexible demands for other things have been provided 
for. Less than one room per person is considered over-crowding 
and the recent Bureau of Labor Statistics investigation found. this 
condition to exist rarely, except-in families having more than three 
children. Famihes with one to three children were found to have 
1.0 to 1.8 rooms per person in almost all cities. 

Amount of Income vs. Per Cent Spent for Rent. The extent to which 
the distribution of expenses is modified by the amount of income 
received is known only within the very limited range for which data 
are available. The best recent figures are those of the 1918-1919 
study of the Bureau of Labor Statistics. These are given here for 
12,006 white families in 92 cities and towns: 


rABLE II. 
Per CENT OF Total EXPENSES SPENT FOR 


Income Fuel Furniture 


Food Clothing = Rent and and. Misc. 
Light) Furnishings 


Under $900 44.1 13.2 14.5 6.8 3.6 17.8 
S$900-$1200 42 4 14.5 13.9 6.0 44 18 7 
$1200-$1500 39 6 15.9 13.8 5 6 4.& 20.2 
$1500-S1800 37.2 16.7 13.5 5.2 5.5 21.8 
S1800-82100 35 7 Lis 13.2 5 0 5.5 23.0 
$2100-82500 34.6 18 7 12 1 4.5 Ay 24.3 
$2500-up 34.9 20.4 10 6 41 5.4 24.7 


When the original data are examined in detail, it appears that in 
almost every city as incomes increase the per cent spent for rent 


°M. Elsas, Economic Journal, September, 1921, p. 332. 
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and food decreases and the per cent for clothing increases. The 
decrease in the per cent for food as incomes increase is slight and the 
increase in the per cent for clothing is especially marked tn the higher 
incomes within the range covered. Thus, it appears that among 
families of moderate incomes as incomes rise the increase is spent 
by preference for clothing rather than for food or rent. The relative 
decrease in expenditure for rent as incomes increase is significant in 
rental analysis. This means that while a 10 per cent difference in 
rents among the lower rents in a city indicates an average difference 
in income of about 10 per cent, a similar diference among the higher 
rents indicates a difference in income of much more than 10 per cent. 

Rent Levels in Various Cities. As nearly as may be determined 
from the Bureau of Labor Statistics data, there is no regular tendency 
for Eastern, Western or Southern cities to differ from the average 
of all cities, either in the amount of wage-earners’ Incomes or in 
amounts spent for food or clothing. In Southern cities somewhat 
less is paid for rent than in other cities. This refers only to white 
families. Negro families have smaller average incomes than white 
families and at any given income they spend less for rent, more for 
food and, to a less degree, more for clothing than white families. 
The size of a city, so far as may be told trom these data, does not 
determine either total incomes or expense for food, rent or clothing. 

In different cities the difference in rent levels, that ts, variation in 
rentals paid for substantially similar dwellings, is considerably greater 
than the difference in levels of prices for food or clothing. The varia- 
tion in price levels is about twice as great for rents as for food or 
clothing, reckoned as percentages of the amounts spent for each class. 
The expenditure for food by the lower middle class families included 
in this investigation is more nearly the same in different cities than 
is the expenditure for rent or for clothing. Food expense is the only 
one of these classes in which all cities are as closely grouped as in 
total expenses, considering deviations from the averages on a per- 
centage basis. The amounts spent for rent show relatively wide 
variation between cities. It appears that if a workman moves from 
one city to another to secure increased wages a large proportion of 
the increase in income goes for increased rent. This is to be expected 
since land rents and, to a less extent, construction costs are peculiar 
to each individual city, much more than food or clothing costs. 

A comparison of rent data from the 1918-1919 investigation of the 
Bureau of Labor Statistics and data from Commercial Surveys leads 
to the conclusion that differences in average rents in various cities 
are due at least as much to differences in the level of prices for rents 
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as to differences in the grade of the population. Wage-earners and 
low salaried people of the types studied by the Bureau of Labor 
Statistics occupy about the same position in the community in a 
large number of cities. As a rule they pay about SO to 90 per cent 
of the median® rent in any city. Exception must be made in the 
case of cities having an unusually large proportion of negro or very 
low grade white population. [It is interesting in this connection to 
compare wage rates for different classes of labor in various cities. 
The variation between cities in wage rates for common labor is pro- 
portionately much greater than the variation in wages for work 
requiring some skill, such as bricklaying and structural iron work. 

As examples of the impossibility of accurately rating the grade 
of a city’s population by its median rent alone, we may take four 
cities where surveys were made in 1921.) Spokane and Houston had 
practically identical median rents of 823.00 and $23.40 respectively, 
but Houston is not as good a telephone market as Spokane. In 
CleVeland and Minneapolis the median rents were found to be $35.50 
and $31.00 respectively, but this is no measure of the grades of the 
two cities. 

Rent Data from Various Sources, Including England. Some addi- 
tional rent data is presented here without extended comment. The 
two following tables show the proportion which rent bears to total 


expense in different communities. 


TABLE TI. 
Pre-War Expenditures for Rent with a ** Normal” Standard of Living 


Senate Report on “Woman and Child Wage Earners’’) 


Manhattan. 20.7% 

Fall River. . 17.6% 

Gseorgia and North Carolina 6.3% 

Homestead, Pa 15.59 
PABLE IV. 


Allowances for Rent in) Post-War Standard Workingman's Budgets 


Date Per Cent Rent 
for Rent 


No. Hudson Co., N. J Jan., 1920 13.5-14.1 | $ 


18 00-819 OO 
Cincinnati May, 1920 15.6 22.00 
Lawrence Nov., 1919 13.1-14.1 15 00- 19.50 
Fall River Oct., 1919 9. 2-11.6 9.75- 15.20 
Philadelphia Nov., 1919 10 6 
United Mine Workers Dec., 1919 10.2 
Washington, D.C Aug., 1919 1 Bee 


§See Appendix. 
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The first four of these ‘standard’? budgets are by the National 
Industrial Conference Board, and the others in order by the Bureau 
of Municipal Research (Philadelphia), Professor W. F. Ogburn, 
and the U.S. Bureau of Labor Statistics. 


It has already been mentioned that the per cent spent for rent 
shows a tendency to decrease with increasing incomes. This trend 
is confined by data from other sources, as follows: 


FABLE V 


Per Cent of Income Spent for Rent at Different Income Levels 


Philadelphia Chapin’s U.S. 
fhedinsiiie Bur. Mun. Res N. ¥. Study Bur. Lab. Stat 
1918 1907-1908 1901-1902 
260 Families 391 Families 11,156 Families 
$400— $500 26 8°, 18 6°; 
500- 600 25 9 1s 4 
600— 700 20 5°; 23 6 18 5 
700 SOO 17 6 21.9 18 3 
800— 900 18.1 20.7 17 1 
900— 1000 15 8 19 0 17 6 
1000— 1100 16 4 18 1 , 17 5 
1100— 1200 14 3 16 2 
1200— 1300 14.7 19.8 
1500— 1600 12 3 16 3 
1900 up 10.2 


Although no data are available for families above the lower middle 
class, the relationship may be extended by conjecture into the higher 
income levels. That this is reasonable is brought out in subsequent 
pages in comparing distribution curves of rental values and incomes. 

Some interesting conclusions from English experience are given 
by Sir J. C. Stamp. The rent corresponding to an income of £160 
averages at least £5 greater in London than outside that city. Among 
the lower incomes, say up to £1000, the variation or dispersion of the 
percentages paid for rent becomes less as the amount of the income 
rises. Owner-occupants live in larger houses than tenants with the 
same total income. It was not found, as is generally supposed, that 
professional men pay relatively more for rent than business men. The 
following table is from the work above mentioned; 


J. C. Stamp, “British Incomes and Property,” 1916 
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TABLE V1 
Relative Amount 
Income Patd for Rent 
£200-£250 1.0 
300- 400 & 
500— 750 7 
1000— 1500 5 
Income Rent Per Cent Rent 
£160 £28 17.5% 
$00- £500 40-£50 10 
4000 200 5 


The second of these two tables represents average conditions for 


(Great Britain. 
RENT DISTRIBUTIONS 


In making comparisons of survey rent data it is desirable to dis- 
tinguish differences in price levels as they affect rents, differences 
in economic grade of the population, and differences in the distri- 
bution of families about their average grade. Failure to take account 
of these three factors will result in misleading impressions, which may 
be illustrated by summaries from successive surveys in) Atlanta. 
The following table shows composites of private residences, flats and 
apartments: 


TABLE VII 


No. OF FAMILIES 
Per Cent 


Rent Classes 1 
Increase 


1913 1920 
$75 up 793 3199 303 
55-$75 1129 3582 217 
40-55 ' 2045 4196 105 
25- 40 ¢ 4802 9713 102 
20— 25 4197 4725 13 
15- 20 5688 4757 16 
10- 15 6881 7223 5 
Under $10 21064 15023 29 
Potal 46599 52418 12:5 


It might be inferred from this set-up that the condition of the 
poorer families had been very much improved or that the average 
family had attained a higher condition of well-being. It will be 
shown later that there was no material change in the distribution of 
rental values about an average rent when rents are considered as 


percentages of that average, and it is probable that the principal, 
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if not the sole cause of the changes shown in the table above, is the 
general rise in the level of prices. 

Methods of Study—-Graphic Representation. The most convenient 
and practical method of studying rent distributions is by the use 
of graphs and charts. The distribution of values of rents or of other 
variables may be charted in either a detail or a cumulative form. A 
detail curve shows at any value of the independent variable the 
frequency of occurrence of items of that value. A cumulative curve 
shows at any value of the variable the number (or better, the per 
cent) of all cases which have values below (or above) that value. 
Cumulative curves are better than detail curves for presenting rent 
data since the number of classes into which the data are divided ts 


small and the class widths are non-uniform, resulting in uncertain 


ATLANTA DETROIT 


Per Cent of Famiuies Payine Less THAN Stared Rents 
P “ w 
tA 
Per Cent oF FAMILIES PayiNG LESS THAN STATED RENTS 
s 


10 20 30 40 S50 6 70 60 90 10 , 0 20 30 40 So € an ar 
Dovvars RENT Dovrars Rent 


Fig. 1 


curves of the detail type. Attempts to compare rent distributions 
by application of the usual statistical measures of dispersion and 
skewness have proved unsatisfactory. 

Typical rent distributions plotted in the cumulative manner on 
ordinary coérdinate paper are shown in Fig. 1. Diagrams of this 
type may be used to determine the rent paid by families of correspond- 
ing position in the rent scale at the dates of successive surveys, but 
they do not give a very clear picture of changes in the distribution of 
rents and from them it is not readily apparent whether rents are 
closely concentrated or widely distributed in any gIVEN Case. 


Detail curves for rent and income distributions are most easily drawn on paper 
with a logarithmic scale both ways. 


a abe ak veer a 
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Logarithmic Probability Charts. Cumulative curves for rent dis- 
tributions may be plotted on logarithmic probability paper® in which 
case the resulting graph is a straight line for a large number of cities. 
Such a graph will be said to represent a logarithmic skew distribution. 
In the appendix there is given a discussion of frequency curves, 
with special reference to curves of this type. The essential point 
in reading charts on logarithmic probability paper is that the slope 
of the line determines both the spread or dispersion of the data and 
the skewness or lack of svmmetry of distribution. Since the hori- 
zontal scale is logarithmic it follows that the dispersion is represented 
on a percentage and not a linear basis. A steep slope indicates a 
close concentration of the data, a less steep slope indicates a wider 
distribution, and parallel lines indicate distributions which are identical 
on a percentage basis. As explained in the appendix, the most con- 
venient index or coefficient for expressing the spread or dispersion 
of a distribution is the ratio of the upper quartile? to the median rent. 
If the curves for a given city are closely parallel for successive surveys 
it follows that there has been no material change in the character of 
the distribution. In other words, rents have increased approximately 
proportionately at all points of the scale. 


Examples of charts of this kind (Figs. 2-4) are shown for twelve 
cities for which successive surveys are available. Curves for suc- 
cessive surveys are nearly parallel in eight of the twelve cities. For 
Cleveland, Dallas and Houston there are distinct differences in_ the 
curves for the two dates, indicating changes in the distribution of 
rents, which changes may be measured since horizontal distances 
between points on the curves for two dates represent the percentage 
Increases In rents, 

When a rent distribution is plotted on logarithmic probability 
paper the points do not always lie on a straight line, but a straight 
line of best fit may be chosen by eve, giving greatest weight to points 
near the middle of the scale of ordinates. Of the rent distributions 
for large cities which have been plotted on this paper, nearly one- 
third are very closely represented by straight lines, an equal number 
are slightly concave upward, and the remainder are more or less 
concave downward. Most of the deviations from straight lines are 
slight. The examples submitted herewith (cities in which successive 
surveys have been made) are rather poorer than the average in this 

® See an article by G. C. Whipple in the Journal of the Franklin Institute for July 
and August, 1916, for a description of this paper and some examples of its use in the 
field of sanitation, 

7 See Appendix. 
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respect. Concavity upwards represents a distribution which is less 
skew than the theoretical logarithmic skew curve, and concavity 
downwards a distribution of greater skewness. No great importance 
can be assigned to small differences of this sort, as they are not perma- 
nent between successive surveys, whereas the general type of the 


distribution is quite constant for a given city. 

The justification for assuming that rents follow the logarithmic 
skew curve is made stronger by certain data from Volume 19 of the 
report of U.S. Immigration Commission made in 1912. This com- 
mission collected a large mass of data concerning the liv ing conditions 
of families of the immigrant type. The data are classitied by nation- 
alitv of head of family, by income, ete. Distributions of amounts 
paid for house rent per apartment, per room and per person for certain 
nationalities are shown in Fig. 5.) The data shown were chosen from 
those classes which were made up of the largest numbers, and the 
deviations from straight lines shown by data for other groups are in 
both directions, so the straight line relation may be considered fairly 
representative. Tt may be noted that the rents per month per person 
show a greater dispersion than the rents per room or per apartment. 
These latter moreover show as small a spread as do rents for any of 
the cities studied as a whole. 

Fig. 5 also shows the distribution of British house rents at intervals 
during the period ISGO-1915. There has been a gradual but steady 
dec rease in the dispersion of rents during the period covered. Unless 
the relation between rents and incomes has radically changed, this 
means that the inequality of distribution of wealth has been decreased, 
and that the condition of the poor has been Improved as compared 
to that of the rich. Data tor 1830 indicate that the inequality of 
distribution was distinctly greater at that date than in 1890.) Changes 
in the relative condition of the rich and poor may be readily demon- 
strated by charts of this kind, but of course conclusions regarding 
absolute degrees of well-being must be reached by other means. 

Distribution of Rents Compared with that of Incomes. Significant 
conclusions regarding the relation between rents and incomes may be 
drawn from a comparison of their respective distributions. Fig. 6 
shows a detail curve for income distribution in the United States 
based on preliminary data of the National Bureau of Economic 
Research. These data are subject to revision but are the best avail- 
able and are sufficiently accurate for comparative purposes. The 
usual way to chart income distribution assumes conformity with 
Pareto’s law which says that the frequency curve of incomes may 
be plotted as a straight line on double logarithmic paper, either on a 
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does not hold for the lower 


income levels which may be best represented by a curve of approxi- 


mately hyperbolic form, as shown in Fig. 6. The same income data 


are shown plotted on logarithmic probability paper in an insert on 
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may be concluded that the 
both incomes and. rents is 


similar but that the spread of the higher incomes is much greater 


than the spread of the corresponding rents. 




















Another comparison of incomes and rents may be made from a 
second insert on the same chart. It may be readily demonstrated 
that the normal curve of error plots as a parabola on semi-logarithmic 
paper and the logarithmic skew curve as a parabola on double logar- 
ithmic paper. Two parabolas which represent extreme conditions of 
spread and of concentration of rents in large cities are shown. If 
the degree of dispersion remains fixed a change in the rent level 
merely shifts the parabola on the chart without changing its shape. 
The parabolic shape of rent curves and the hyperbolic shape of the 
income curve indicate that rents are somewhat less eoncentrated 
locally about their mode. but are more concentrated as an entire 
group than are incomes. These curves can not well be superposed 
for Comparison since areas are not equivalent on different parts of 
the chart. Those incomes which are closely grouped around the 
mode represent wage-earners of such a type that several may come 
from a single family. Conclusions regarding comparison of incomes 
and rents must be made with caution since rents are on a famih 
basis and incomes on an individual basis. No satisfactory data 
are available to show the variation in income distribution between 
small subdivisions of the United States, as cities, but it is reasonable 
to assume that there is some such variation for incomes as well as 


for rents, although perhaps not of so great a range. 
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A third comparison of incomes and rents is made possible by the 
use of Lorenz curves illustrated in Fig. 7. On this form of chart a 


5S See Appendix. 
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diagonal line at 45> represents a uniform distribution and the further 
a given curve falls to the right of and below that line the more unequal 
the distribution represented. If incomes were plotted on a family 
basis, the resulting curve would lie somewhat closer to the diagonal 
line than the one shown, but it is fairly evident that incomes are 
more unequally distributed than rents. For instance, the top 10 
per cent ot incomes are on the average about 42 per cent ot the total 
income, while the top 10 per cent of rents are from 22 to 82 per cent of 
the aggregate rent in most cities. These three comparisons confirm 
the idea discussed in the first part of this paper, that the proportion 
of income spent for rent is less among the larger incomes. 

Ot the extensive data on income distributions few can well be used 
for comparison with rent data. In order that a cumulative curve 
really mean anything, it must represent an entire group, not merely 
items from one end or the other of the complete scale. Therefore, the 
various tables of earnings of working class families and individuals 
are of doubttul use here, although they do show, plotted on double 
logarithmic or logarithmic probability paper, that the type of dis- 
tribution of earnings about an average value is practically identical for 
various nationalities in similar industries, or for men, women and 
children in all industries. However, the average earnings of the 
various Classes are widely different. A few examples are shown in 
cutee 

Income tax returns are of some interest although they are defective 
in several respects: they only include the upper part of society, a 
large number of persons tail to make returns and large amounts of 
income are tax exempt. Federal income tax data, which are available 
on a unttorm basis for the years 1917) 1920, may best be studied by 
plotting on double logarithmic paper, preferably after reducing the 
figures for the various states to a basis of returns per 1000) popula- 
tion Phere are small changes trom year to vear in the position ot 
the curve for anv given state, which are not significant, since thes 
mav be due either to changes in the average income, or to increased 
efficiency of tax collection. Changes from vear to vear in the slope 
of the curve for any one state are small, indicating that there exists 
in each state a detinite type of distribution of wealth and earning 
power. Ditterences in the position and slope of the curves for dif- 
ferent: states are conspicuous, indicating that both the per capita 
income and the distribution of the total income among individuals 
are different in different states. New York, for instance, shows a 
wide spread, f.e., a relatively large number of very high incomes, and 


lowa shows a narrow spread, v.e., a large number of incomes around 
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$2000-5000, and comparatively few incomes over 820,000. New 
Jersey occupies an intermediate position. Alabama, more or less 
typical of Southern states, shows a much smaller number of returns 
in proportion to population than any of these states, and a distribu 
tion nearly, but not quite, as closely grouped as Towa. The tact 
that a particular shape of curve is typical of a given state, and that 
the curves are different for different states, corresponds to similar 
characteristics of rent curves for cities. British income statistics 
show about the same degree of dispersion as do returns for the United 
States as a whole. 

Distributions of the logarithmic skew type may be tound in other 
fields than those of incomes and house rents. The theory has been 
advanced by some statisticians that while the normal curve of error 
is characteristic of Observational errors, errors of estimate agree with 
that law if logarithms rather than actual estimates be considered 
Price fluctuations, corporation earnings, and the protits of farmers 
are distributed in a similar manner. The lengths of lite of telephone 
contracts agree quite closely with this twpe of distribution, if we 
allow for the fact that verv long lives are relatively few in number 
because they started when the telephone business was comparatively 
small. A peculiarity of rent distribution is that if we choose only 
families having telephone service, or families having any one class 
of service, we obtain a logarithmic skew distribution about as closely 
as though we plotted all families in a city. 

A pplication to Survey Data. The charting method described above 
Was applied to rent data for 57 cities, both for composites of private 
residences, flats and apartments and for private residences alone. 
Table VILE gives the median rents and values of the rent dispersion 
index Q° for the composite data. Results for private residences 
differ in most cases only very slightly from the results given; there 
is no dominant tendency for the spread of private residence rents to 
be greater or less than that of all rents in a city, but the median rent 
in private residences is usually somewhat greater than that for the 
composite. 

An effort was made to determine the significance of the various 
values of the index Q, but the results are chietly negative. There 
is some tendency for the smaller cities to have a wide spread of rent 
values; 7.e., a high value for Q, but there is considerable scattering 
of the data. This tendency is most apparent in the South, where the 
smaller cities have extremely high values for QO. The relationship 
between the index Q and the per cent of families with telephone 


2 See Appendix for a quantit itive definition of ) 
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service is not very well detined. Cities with a very high residence 
development have low values for the index and Southern cities with 
poor residence development have high values for Q, but the inter- 
mediate scattering of data ts quite wide. It might be supposed 
that cities with high values for Q, which indicate a wide spread of 
social strata, would have a relatively large number of business firms, 
either total or retail, to meet the widely divergent needs of the popula- 
tion. Asa matter of fact, no such relationship is apparent. There is, 
however, positive correlation between Q and the proportion of insti- 
tutions to population. This may be due in part to the fact that high 
values of QO are found in Southern cities which have separate churches 
and schools for whites and negroes. 

Although no special significance has been found for the particular 
degree of rent dispersion found in any city, some interest attaches to 
the fact that this index remains practically constant in a given city, 
regardless of changes in the level of prices. The diagrams illustrating 
this point have already been discussed. If the type of distribution 
is not found constant in a particular city, it would seem probable 
that a change in character of the population is taking place, but a 
change in the average economic grade might occur without any 
change in the type of distribution. When two distributions, each of 
which agrees with a logarithmic skew curve, are added together, 
the new combined distribution may be represented by another loga- 
rithmic skew curve only in case both the medians and coetticients of 
dispersion for the two original curves are identical. It follows that 
if the index of rent dispersion in a city is found to be the same in suc- 
cessive surveys and if it may be assumed to have remained constant 
during the interval, then the new families which have come into a city 
at any time comprise a group having substantially the same coetticient 
of dispersion and median rent as the families which made up the original 
population. The apparent permanence of the type of rent distri- 
bution in a city may be considered, along with the telephone habit, as 
a reasonable explanation of the rather high degree of stability of 
station distribution by classes of service among residence subscribers. 

In commercial survey work a city is divided into market areas, 
known also as homogeneous sections, which are so laid out that in any 
one section the families at any stated rent are similar telephone 
prospects. A study of rent distributions in market areas was carried 
out in a number of cities, considering only those market areas in each 
city which had fairly large populations. There appears to be no 
relationship between the index of rent dispersion and either the median 
rent, the per cent of families in private residences, or the per cent 

















of families with telephone service, in the various areas in any one 
city. Whether a particular area is suburban or downtown, likewise 
has no apparent effect on the value of Q. Tt was found in Atlanta, 
where the division of the city into market areas was substantially 
the same in successive surveys, that the distribution index which had 
previously been found to be stable tor cities as a whole, behaved 1 
the same way in separate sections of the citv. Tt was found that the 
rent distribution index for any single market area is smaller, usually 
much smaller, than the index for the entire city in which the area 
is located. One section in Atlanta is the only exception found. to 
this rule. In market areas it was noted that a considerable number 
of the graphs on logarithmic probability. paper were formed of two 
intersecting straight lines. This indicates that the sections are not 
really homogeneous, but contain clements of population radically 
different in character. This condition can not be obviated by the 
most careful laving out of section boundaries in case there exists a 
mixture of families of essentially different types, as when negro 


residences are scattered among a predominantly white population, 


PABLE Vill 


Indices of Rent Distribution in Large ( 
Composites of Private Residences, Flats and Apartments 
Per Cent Per Cent i) 
. } imilies I miles \ledian | pper 
Year . ; “ > 
in Private with Kent Quartile + 
Residences SETVICE Median 


New England and Eastern 


Washington 1922 66 9 130 $35 00 171 
Pittsburgh 1922 61 1 37 4 28 50 1 54 
Baltimore 1914 OS 6 16 4 13 50 #51 
New Haven 1919 24 6 24.5 21 00 1.44 
Portland, Me 1921 tH 8 19 5 23 80 1 40 
Hartford 1915 20.1 25.8 19 OO 1 37 
Providence 1916 26.6 26.5 14 60 1 34 
Springfield, Mass 1921 29.2 5.8 30 60 1 34 
Bridgeport 1920) 24.2 21.4 26 50 | ar 
Philadelphia 1917 S16 18 4 17 00 ¥.32 
Altoona 1922 OO) 2 $5 8 24 00 1 27 

AVERAGI 4X 3 1 41 

Central 

Chicago. .... 1920 22 4 50.0 27 OO 1 55 
Cleveland 1921 $5 3 32 4 3550 t.SS 
Evansville 1916 89 0 34 6 12 00 1 54 
Garand Rapids 1915 oS 4 334 12 80 i ee F 
Milwaukee 1921 10 0 39 6 25 00 | 
Indianapolis 1920 S44 53.8 21.00 1 51 
Akron 1920 73.0 19.3 3400 1 41 
Detroit 1919 $9 9 3) 6 32 00 1 40 
Youngstown 1919 83.0 40.8 27 00 1 37 
Toledo... .. 1920 70.6 $2.0 26 00 1 35 

AVERAGE 63 2 1 47 
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\PPENDIX 
MATHEMATICS OF THE LOGARITHMIC SkEW ¢ 


Frequency curves may be symmetrical or skew Phe particular 
symmetrical distribution known as the normal curve of error 


of distributions of observational errors and in general of all phenor 


neral of all phenome 
obeving the laws of chance. It 1s approximated bv a number of othe 
distributions which have not obviously originated in the same wa 

which implies that “the variable is the sum of a large number 

elements each of which can take the values O and 1, these value 
occurring independently and with equal frequency.” Skew dist 
butions may take a variety of forms but the type shown in the « 

gram is closely approached by a large number of rent distributions 
The essential characteristic of this curve, which mav be called the 
logarithm it skex curve, is that logarithms ot the value sot the variable 
are distributed accordMe to the normal curve of error Phis skew 
curve is of course not the only one which might be selected to re pre 


sent rent data, but it presents the fewest mathematical ditheulti 


and gives a sufficiently close approximation tor all practi 
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Fie. & 


The normal curve of error has the equation: 


where ¢ is 2.7183, the base of natural logarithms and ¢@ is a measure 
of dispersion, known as the standard deviation \n ordinate ot 
the curve is called the frequency, and expresses the fraction of the 
whole number of items which occurs per unit interval of the variable a 
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Substituting log VY for x, a new equation may be obtained, in which 
y is the frequency per unit of x (or log X). An expression for the 
frequency per unit of Y is desired, which may be called YY. It may be 
shown that the desired equation ts 


l log X 


MOM ZT 


This is the equation of what we have called above the logarithmic 
skew curve, Which is really not a curve of error in the same sense as 
equation (1) is. 

In the course of this discussion it will be convenient to refer to 
certain features of the frequency curves by the accustomed terminol- 
ogy of statistics. The median item of a group is such that one-half 
of all the items are larger, and one-half are smaller, and is the central 
item when they are arrayed in order of size. The quartiles, upper and 
lower, together with the median, divide the array into four parts, 
each containing one-fourth of the items. The percentiles divide the 
array into LOO equal parts. The mode is that value of the variable 
which is of most frequent) occurrence. 

In the normal curve of error o, the standard deviation, is tech- 
nically detined as the square root of the mean of the squares of the 
deviations of the items from their mean. For present purposes it 
may be regarded as a measure of dispersion approximately equal to 
the difference between the values of x at the S4th percentile and the 
median. In the logarithmic skew curve @ is the difference between 
the corresponding logarithms. 

The origin of x in the normal curve of error is the arithmetic mean, 
median, or mode, which are coincident. When a logarithmic scale 
of abscissas is introduced, the median value of x (or log ) corre- 
sponds to the median value of .Y, which is smaller than the mean 
value of Y, and larger than the mode. In a logarithmic skew curve 
the median may be considered the origin, and at this point x (or 
log V) is equal to zero, and NX is equal to unity. When this curve 
is applied to house rents the median rent occurs at this point. The 
relation between rents and values of Y is a simple one. If rents be 
denoted by R, and if AZ be the median rent, then 


R= MX. (3) 


The relationship of the various scales is presented in Fig. 9. The 


scales for VY and log X may be considered fixed, and the scale for 














RELATION BETWEEN RENTS AND INCOMES 07 


Ra movable one, as on a slide rule, corresponding values always 


being opposite each other. 
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above for the logarithmic skew curve gives the fre- 


Equation (2 
The frequency, per unit of rent when expressed 


queney per unit of XY, 
in dollars, is 1/17 times that value, and substituting for .Y from 
equation (3), there results 
"4 | RM 
: 1 


M RoV2r 


If it is desired to make computations from this equation, it is best 


to use the base 10 for logarithms rather than the natural base. For 
this purpose the equation becomes approximatels 
} 1735 10) vin RM e 
= oO ) 
VU Ra 


kor convenience it may be set down that 


o10 = 0.4343 a, 
and 
G- = 2.3026 aio, 
although it will very rarely be necessary to make such computations. 
It has been stated above that the median value of \ (or rents 
expressed in dollars) may be logically regarded as the origin of the 
logarithmic skew curve, although Y is not equal to zero at this point, 
but is equal to 1. If some of the other forms of statistical averages are 
also known, the properties of the curve may be better understood. 
To determine the mode, the first derivative of equation (2) of the 


curve is equated to zero, and there results 


log =r; 


or 


A =e, (6) 


10 2 302H a, a 
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Equation 6 above detines the peak of the curve, or the mode of the 
variable 

The arithmetic mean for a distribution agreeing with the logarith- 
mic skew curve probably can not be defined by any mathematical 
expression sufficiently simple for practical use. It is a function of 
g, but its exact position on the curve has not been determined. As 
applicd to rent data, the mean may be computed direct from a house 
count summary with an error of two or three per cent. Thus found, 
its position on the curve is in the neighborhood of the 65th to 7Oth 
percentile 

The geometric mean coincides with the median for a logarithmic 
skew distribution. This follows from the fact that the median value of 
Y corresponds to the median, which is also the mean, value of log YX. 

Phe measure of dispersion for a logarithmic skew curve is also a 
measure of skewness. Up to this point ¢ has been used as the measure 
of dispersion, in agreement with conventional usage. For practical 
purposes another measure may be substituted, which has a more 
readily understood meaning. This is the quartile deviation, known 
also by the misleading term probable error. The quartile deviation 
for a logarithmic skew curve is that deviation either above or below 
the median which includes one-fourth of all the items in the array. 


It may, like ¢ be measured in logarithms, and 
Quartile Deviation = 0.6745 o. 


Perhaps the casiest mathematical conception of a measure of skew- 
ness and dispersion is that of the ratio of the upper quartile to the 
median. ‘Phis is identical with the ratio of the median to the !ower 
quartile, and is the number whose logarithm is the quartile deviation 
as detined above. We shall let this ratio be denoted by Q. 

kither o or the quartile deviation for a given set of data may be 
best determined from a straight line graph on logarithmic probability 
paper. The following table gives the positions in the array for certain 
convenient multiples of o and the quartile deviation, when measured 
in logarithms. 


Deviation from Mediin Percentile Position 
o 84.13 
2a 97.72 
so 99 8605 
Quartile Deviation 73:0 
2 Qu. Dev 91.13 
3 Ou. Dev. 97.85 


} Qu. Dey 99 65 

















RELATION BI 
To obtain the value of the ratio Q, take the antilogarithm of the 
quartile deviation determined in this manner. For ordinary purposes 
it is suthciently accurate to obtain QO as the ratio of the upper quartile 


to the median, read from the 75th and 50th per cent lines on the 


graph. 














Power Losses in Insulating Materials 
By E. T. HOCH 


Synopsis: It is shown that a satisfactory measure of power loss in a 
dielectric is the product of phase angle and dielectric constant. Although 
the dielectric constant need not be explicitly considered in the design of 
condensers, it is important in such cases as the design of apparatus panels, 
and vacuum tube bases. The method used in measuring phase angle and 
dielectric constant is discussed.— Editor, 


N working with electrical circuits operating at very high frequen- 

cies and moderately high voltages, such as radio transmitting 
circuits, it is found that failure in the insulation is seldom due to 
puncture or flashover as is usually the case at power frequencies, 
but is generally due to excessive heating which, in turn, causes both 
mechanical and chemical disintegration. As this heating is due 
almost entirely to the energy losses occurring in the dielectric itself, 
it is essential that the factors involved in the calculation of these 
losses be well understood. 


In the past, various indices have been used as a measure of power 
losses for the purpose of comparing different dielectrics. Of these, 
power-factor, phase difference and watts per cubic centimeter prob- 
ably are the most common. None of these, however, is very satis- 
factory for this purpose since the first two give only part of the de- 
sired information, and the last is not in any sense a property of the 
material, as it is dependent on both the voltage gradient and the 
frequency. 

However, it can be shown that the product of the phase difference 
and the dielectric constant of a material is to a sufficient approxima- 
tion an index of its power losses. Let us consider for a moment the 
complete expression for dielectric loss. In any condenser the capacity 


C=ak 


where a is a constant depending on the geometrical dimensions, and 


K is the dielectric constant. If a voltage, EZ, is applied to the con- 
denser the power loss 


P=ETIsmy, 
where 7 is the current through the condenser and W is the phase 


difference of the dielectric; sin W being the power factor. (Plate 
110 














POWER LOSSES IN INSULATING. MATERIALS 111 


resistance assumed negligible For small angles this may be written 
P= BED 
=2rfE’ak ¥, 


since J = 2rfEC, f being the frequency. 


In the particular case of a condenser of two parallel plates 


where m is a constant depending on the units used, -1 the area of one 
plate, and d the thickness of the dielectric. 


ee a ae 
Hence P=2rfE*m K W. 
; d 
But the volume of dielectric V Ad, and the voltage gradient 
; ie ' ; ; 
k= i Therefore the power loss per unit volume is 
( 

? 

po” EJ sk: ¥, 1) 
where m’ = 2am, and m’ K WW = loss per unit volume at unit 


frequency and potential gradiant. 

Thus it is seen that while no single factor of the expression can be 
used to represent the losses, the product of phase difference and di- 
electric constant > can be used in this way. Furthermore, for most 
good insulators, this product remains fairly constant throughout a 
considerable range of voltage and frequency. For example, we have 
found that for such materials as wood, phenol fibre, and hard rubber, 
the change of this product with frequency is of the order of 20 per cent 
from 200,000 cycles to 1,000,000 evcles. © Hence it is possible to com- 
pare directly the losses in different materials even though the measure- 
ments were not made at exactly the same frequency. 

If W is taken in degrees, , in volts per centimeter, and f in cycles 
per second, the constant m’ reduces to 0.97100" Hence, for a 
frequency of 1,000,000 cvcles per second and a potential gradient of 
10,000 volts per centimeter, the product of A and W (in degrees) is 
within 38 per cent of being numerically equal to the dielectric loss in 
watts per cubic centimeter. 

_ 1 The substitution of the angle for its sine is correct to better than 5 per cent 
for angles as large as 30°. 


2 This relation has been brought to the attention of the Committee on Electrical 
Insulating Materials of the American Society for Testing Materials and is included 


d 
in their ‘‘Tentative Method of Test for Phase Difference (Power Factor) and Di 
electric Constant of Molded Electrical Insulating Materials at Radio Frequencies 
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Molded Phenol Product A 1 5 ¢ } 
71 6 = 1= 4) 
120 10 4 ’ 1“) 0 
21 35 0 
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The above data were obtained by the resistas tin methed 
hig. 1.) Kach value of phase difference and tric comstant 
represents the average Ol at least five readings « nele s imple 
using not less than three different values of the k esistaunce R 
A condenser, the dielectric of which consists of 1 t l to be 
tested, is connected in series with a suitable ind ki n re 
‘The measurements on each 1 ce were 


given in the table. 


Bureau of Standard Circular No. 74, p. 1s 
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sistance which can be varied, and a radio frequency ammeter. An 
oscillator is coupled loosely to the inductance and its frequency varied 
until resonance is obtained as indicated by maximum current through 
the meter. Without changing the tuning, the resistance is changed 


5) iS | 
| <> | 
oO > | 
2 = 
fk on S S| ns ‘ 
Oscillato = SL 50h marete 
= = | 
=| ‘= 
= Ss A Q | 
ne sine 5 = , aes tt a 
! ,¥ vy ] 
=6¢ 
bic. | 
and a second reading of current is obtained. Then, since the e.m.f. 


induced in the measuring circuit is the same in both cases, if Ry and 
Ry are the known resistances, 7; and J, the corresponding currents, 
and r the resistance of the remainder of the circuit, 


I, (r + R\) = Ie (r + R»), 
Role — Ril, 


I, —T-. 
or, if Ry be made zero 
: Rs 
I; oil 
I, 


A standardized variable air condenser having negligible resistance 
is then substituted for the condenser under test and the process re- 
peated except that the circuit is tuned to resonance by varying the 
capacity instead of the frequency. In this way the resistance of the 
circuit: exclusive of the test condenser may be determined. The 
difference between these two circuit resistances is the resistance of 
the test condenser from which the phase difference may be computed. 
The capacity of the test condenser is equal to the capacity of the 
standard condenser which produces resonance. From this and the 
dimensions of the sample, its dielectric constant may be computed. 

In addition to the general precautions mentioned in the Bureau of 
Standards Bulletin, two others should be observed in the measure- 
ment of dielectrics. First, the electrodes must be in intimate con- 
tact at all points with the surface of the sample, as a very small air 
space will cause a large error in the values of phase difference and di- 
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electric constant obtained for the sample. For this reason only 
mercury electrodes have been found suitable, the sample being tloated 
on a pool of mercury forming the lower electrode and the upper elec- 
trode being formed by pouring a pool of mercury inside a metal ring 
on the upper surface of the sample. This introduces the second 
dithculty. The lower electrode being, of necessity, larger than the 
upper one, the electric field spreads out considerably beyond the 
edges of the upper electrode and increases the etfective area by an 
unknown amount. 























Po determine the magnitude of this error, measurements were 
made on samples prepared as shown in Fig. 2.0.1 is the upper electrode, 
B is the sample undér test and C is a tinfoil guard ring shellaced 
to the lower surface of the sample but separated from the lower clec- 
trode D by a sheet of paper shellaced over the guard ring. The 
guard ring covers all of the lower surface of the sample except the 
area equal to the upper electrode and directly under it. The direct 
capacity © between 4A and /) is measured using the guard ring as a 
shield to intercept the flux which spreads out around the upper 
electrode, diverting it away from the measuring circuit. This measure- 
ment is made at audio frequency on a completely shielded substitu- 
tion bridge. The difference between this capacity and the capacity 
of A to D without the guard ring is approximately the correction due 
to this edge effect. Using samples 6 inches square with an upper 
electrode 5 inches square, this correction was found to be about 
per cent for samples 's inch thick and 14 per cent tor samples 
inch thick. All values of dielectric constant given above have been 


4 


corrected. The phase difference is not affected appreciably since it is 
dependent only on the ratio of resistance to reactance and does not 
involve the area of the sample. 

The radio frequency generator used consists of a vacuum tube 
oscillator having a maximum output of 250 watts. The coupling 
between the generator and the measuring circuit was very loose and 


6 Direct Capacity Measurement, George A. Campbell, The Bell System Technicai 
Journal, July, 1922. 
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care Was taken to avoid capacity couplings. The measuring circuit 
was shielded from the observer by a metal screen. In spite of these 
precautions the results obtained on the same sample at different 
times do not agree as well as might be desired although the individual 
readings taken at the same time agree in most cases to within 5 per 
cent. Other observers have found that measurements made on the 
same sample at intervals of a few hours often differ by more than 
the apparent error of the measurements and have attributed it. to 
actual changes in the properties of the material.” Hence it is possible 
that at least part of the apparent variation with frequency shown 
above is due to unknown errors in the measurements or unknown 
changes in the samples or both. 

As an illustration of the error involved in taking only phase differ- 
ence as a measure of power loss, suppose we wish to compare hard 
rubber having a phase difference of about 0.5 degree and a dielectric 
constant of 8., with a certain grade of glass having a phase difference 
of about 0.3 degree and a dielectric constant of 7. On the basis of 
phase difference alone the hard rubber appears very much worse than 
the glass, but when the dielectric constant is taken into account, the 
glass is found to give a 40 per cent higher power loss. Similarly, some 
untreated woods were found to have considerably lower losses than 


the phenol fibres although their phase differences are nearly the same. 


CONCLUSION 


In the case of ordinary insulation where the object is to provide a 
mechanical separator or support, the product of phase difference and 
dielectric constant is a true measure of the energy loss per unit volume 
as shown by the equation (1). In the case of a condenser where the 
object is to obtain a given capacity, the phase ditference alone de- 
termines the power loss since in this case the effect of the increased 
dielectric constant is exactly balanced by the smaller volume = of 
dielectric required 
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Referring to the transcontinental line 


used recently to talk trom Catalina Is! 
in the Atlantic Qceean, it is stated that | 
introduced at one end of the circuit, the rm 
tion, the total power required would ( 
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( Nk of the most interesting aspects ol the ce velopm« nt of radio 
during the last few vears, and particularly of radio telephony, 
is the obvious convergence of its technique with that of wire trans 
mission. [Tt is, of course, the advent into both 
remarkable device, the electron tube, which is responsible tor 
close technical relations which now exist between them 
This community of interest, however, altho thus greatly 
lated by a device of such range of utility as to find important applica 
tions in both arts, is not due primarily to any device per se, 
to the fact that both type of systems are subject fundamentally, as 


communication systems, to the same general requirements and design 


considerations concerning — their 


These underlying communication requirements lead to similar con- 
siderations in both types of systems as to the etticiency and fidelity 
with which the transmission of intelligence is effected and give rise 
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to a transmission background, as it were, which is common to both 
arts. 

The engineering handling of the transmission problems which arise 
from these fundamental communication requirements has been quite 
highly developed in the older of the two arts —wire transmission —in 
connection with telephone repeaters and carrier telephone and_tele- 
graph systems. It should be, therefore, interesting and profitable 
to apply some of the transmission technique thus developed in the 
wire art to several of the more important radio problems. In so 
doing, we obtain rather new viewpoints of radio transmission and a 
useful correlation of it with the better established wire methods. It 
is hoped, therefore, that the picture which is presented of radio and 
wire transmission, treated from a common. standpoint, may con- 
tribute to a better appreciation of both arts by radio and wire engineers 
alike and may make clear the underlying transmission principles 
which are common to them. 

Principal among the problems of electric communication is the one 
of delivering at the receiving end the required volume of signal with 
the necessary freedom from interference. The delivering of the 
required volume is a matter of overcoming the transmission losses 
of the svstem by ampifieation; while the obviating of interference ts, 
of course, concerned with the reduction of the ratio of the interfering 
to the signaling energy. 


TRANSMISSION LOSSES 


In considering these factors we will take up first the primary one 
of the losses which are suttered by the carrier waves as they are 
propagated thru the transmission medium. In both wire and radio 
transmission, of course, the actual propagation of the electromagnetic 
wave energy occurs in the “ether,” the difference being that in the 
wire case, the waves are bound to a guiding path, whereas in the radio 
case they are transmitted freely in all directions and bound merely 
to the earth's surface. This difference in the mechanism of trans- 
mission gives rise to an important difference in the transmission 
losses occurring in the two cases. In order to assist in visualizing the 
two cases they are indicated diagrammatically in Fig. 1. 

Referring first to the wire case, the Jaw in accordance with which 
the current and voltage strength decrease as the transmission wave 
travels along the wire, is the familiar one of attenuation. 
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which simply expresses the fact that, as the wave proceeds along 
the wire, the losses in the resistance of the conductor and in the insu- 
lation, extract for each mile a certain detinite proportion of the volt- 


age and current which arrives at that point. After traveling 
miles the original current /; is attenuated down to a value J,€ * 


which represents the received current /». This is the same general 
law of damping as applies to the dving down of the voltage and cur- 
rent in an oscillation circuit, except that here the damping is with 
respect to distance along the line rather than time. We are assuming, 
of course, that the circuit is so terminated as to avoid reflection 
effects at the terminals a condition readily met, by making the 


terminal impedance equal to the characteristic line impedance. This 
is indicated in the figure by the designations, Z (internal) equals Z 
(line). A similar relation is taken for the radio case. The “ line” 


impedance is here the antenna radiation resistance while the “ termi 


WIRE AND RADIO TRANSMISSION SYSTEMS 





nal’ impedance is the resistance internal to the antenna and the 
apparatus, assuming resonance; thus & (internal) equals Rk (radiation 

We know that in radio there are two distinct causes of the trans- 
mission loss: (1) that, due to the spreading out of the waves, which 
is characteristic of non-guided wave transmission; and (2) that due 
to absorption in the air and earth’s surface, which extracts a definite 
percentage loss for each mile of the radio circuit and which conforms, 
therefore, to an exponential law similar in its general nature to that 
of wire attenuation. 


This transmission law, as expressed by the familiar Austin-Cohen 

















formula, is given in the Appendix.2 In order to express the radio 


transmission loss in sone general manner which will be comparable 
to the ¢ Xpre ssion of wire transmission loss, these conditions have been 


taken for the radio case 


| Phat we will use as the measure of the transmission loss the 
ratio of the square root of the power radiated from the sending 
antenna to the square root of the powel delivered in the re- 
ceiving antenna. This is, of course, the same criterion as is 


used for wire transmission. 


2 Phe radiation resistance of the two antennas, sending and 
receiving, are made equal, analogous to the equality of line 
impedance at the two ends of the wire system. 

3 \lso the internal antenna resistance, which corresponds to 


the terminating impedance in the wire case, is made equal to 
the radiation resistance for both ends This is the condition 
of maximum power transfer between the “ line’ and the 


terminal. 


Phese assumptions set up the two cases, radio and wire, on a com- 
parable basis and facilitate a comparison of them. They are favor- 
able to radio in that they do not take account of practical limitations 
Which obtain in antennas. The radio curves should be read, there- 
fore, as giving the minimum: possible losses for daylight: transmission 
over water 

Phese curves show the manner ino which the transmission loss 
varies with distance, for various frequencies, for both radio and wire. 
Phe ordinates are plotted in terms of the logarithm of the ratio of the 
sent to the received currents, or voltages, in circuits of equal im 
pedances In so doing we are plotting the losses on. the straight 
attenuation basis upon which they are usually plotted in the wire 
art; that is, the ordinates represent the exponent (a@/) of the wire 
attenuation law, and may be directly interpreted in terms of miles 
of standard cable’? by multiplying by 21. approximately. The ad- 
vantage of dealing with the exponent rather than the current ratio 


7 Measurements on ship-shore transmission made since the above was written, 
indicate that the Austin-Cohen law holds quite well for frequencies as high as about 
1,000,000 Cveles 

For the mile of standard cable the attenuation @ (at SOO eveles) e yials 0.109. 
Pheretore the equation for current ratio, in terms of miles of standard cable, becomes 


I a 0.109] 
€ € 
I; 
from which 
1 I I 
l log 21.13 log), . 


0.109 "e I; I, 
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itself is the very considerable one which is characteristic of logarithms, 


namely, that when thus expressed the individual losses and = gains 
thruout a system may be summed up algebraically, and the over- 
all transmission equivalent of the system thus readily determined. 

It should be noted that the transmission loss given in the radio 
curves Is that obtaining between the point at which power is delivered 
to the ether at the sending end and that at which tt is delivered to the 
dissipative load of the receiving antenna circuit. In big. 1 these 
points are represented by R, at the transmitter and R, at the receiver 
If at the sending end, we start with the power developed within the 
generator, meaning in AR, instead of R,, then the power ratio is sim 
ply doubled, for the conditions assumed, and the attenuation is 
0.15 units or about 3 miles greater than given in the curves. The 
curves can be used for obtaining the loss in any practical case simply 
by taking the minimum loss as given by the curves and adding thereto 
the additional loss obtaining in the actual antenna. 

Referring now to Fig. 2.) the transmission losses in the two cases 
are given for distances up to 200 miles (320° km Phe straight 
lines represent the wire losses, the bending-over curves the radio 
losses. Of the radio curves, the dash lines ceive the spreading out 
losses alone, while the full lines give the total losses, including ab 
sorption. 

The first thing one observes is the difference in the nature of the 
two sets of curves the wire losses being represented by straight 
lines, because of their exponential law and the fact that it is the 
logarithm or the exponent itself which is being plotted, while the radio 
curves jump up rapidly at first and then straighten out, in accordance 
with the “ inverse-with-distance ” law. 

The second thing one notes is the fact that as a result of the large 
initial (or “* jump off "’) loss, the radio values run on the whole higher 


than do the wire for the more usable wire frequencies, and very much 


greater than the wire losses at telephone frequencies (1 k.c.).§ For 
the wire case the number 8 Birmingham wire gauge open wire circuit is 
taken.) This is the standard long distance telephone circuit of the 
United States. The constants are given in the appendix. 


A third characteristic which one notes in the radio curves is that 
the losses are greater for the higher frequencies or, conversely, lower 
for the lower frequencies. This is because the efficiency of the an 
tenna has been kept constant for all frequencies. In practice the 


‘1 k.c. is 1 kilocyvele per secon 1 or 1,000 eveles per s 


> Diameter of number & Birmingham wire gauge wire 0.165 i 4 
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transmission losses at the lower frequencies are higher than here 
indicated because of limitations in antenna heights. 

Were we to take the ideal condition as regards the transmission 
medium itself, where for wires there is no conductor or dielectric loss, 
and for radio there is, likewise, no earth or air absorption loss, we 
would note: (1) that, for wires, there would be no attenuation what- 


WIRE AND RADIO TRANSMISSION LOSS WITH DISTANCE 
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ever, the curve following along the Y axis; (2) for radio, there would 
remain the loss due to dispersion, inherent in the unguided method 
of transmission, the magnitude of which loss is, of course, very sub- 
stantial. The dash-line radio curves show the radio losses without 
attenuation, the full line curves with attenuation. 

Considering the actual condition, where there is dissipative loss 
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in the transmitting medium, we find that for moderate distances, 


up to 200 miles (320 km.), as plotted in Fig. 2. the wire losses are in 
general less, and at telephone frequencies very much less, than the 
radio losses. The low wire attenuation at telephone frequencies is 


of course, in keeping with experience and accounts for the economical 


terminal apparatus which is emploved in telephone practice Like 
wise the relatively high losses for radio accounts for the large amplitica 
tion at either the sending or receiving end or both, which experience 
has proven to be necessary. This brings in an interesting sick 


WIRE AND RADIO TRANSMISSION LOSSES WITH DISTANCE 
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light, namely, that altho in radio the transmission medium is provided 
by nature, the effective use of this medium is not as economical as 
might be expected because it requires considerable equipment, ampli- 
fiers at both ends for overcoming the large attenuations, sclective 
means for dividing-up the frequency range and thereby “ multiplex- 
ing’’ the ether, and antennas for getting into the medium and out 
again. 

For the higher frequencies, the wire attenuations increase rela- 
tively more rapidly than the radio, thus limiting the frequency range 
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which can be employed on wires without likewise running into large 
amplification requirements. For example, the loss at L00,000 cycles 
for a distance of 200 miles (320 km.) is about as great over wires as 
the minimum loss which it is theoretically possible to obtain over 
radio. 

Referring now to the attenuations for longer distances, as given in 
hig. 3, it is of interest to note that for distances of the order of 2,000 
to 3,000 miles (38,200 to 4,800 km.) the lower radio frequency curves 
cross the 1,000 cycle wire curve, meaning that for these distances 
it is possible for radio transmission to be as efficient as straight tele- 
phone transmission. The wires present: to carrier frequencies for 
these long distances losses which are generally greater than prevail 
for radio. 

These attenuation relations cannot be directly converted into an 
economic comparison, however, for the economies depend Not upon 
the attenuation itself but upon, among other factors, the cost  in- 
volved in overcoming the losses by means of amplification; and this 
cost in turn depends largely upon the extent to which the amplifica- 
tion can be applied at weak powers, as by the frequent application 
of telephone repeaters. By applying repeaters every few hundred 
miles in the wire case, the attenuation is prevented from piling up 
and the amplification is handled at relatively weak and = therefore 
economical power levels. “This brings us to the pot of requiring 
that the attenuation values given above, be considered in reference 
to the amplification and power required to overcome them and yield 
the necessary volume of transmission at the receiving end over and 


above interference. 


INTERFERENCE AND Trs: Errecr Upon rik TRANSMITTING POWER 
REQUIRED 


In both the radio and wire cases there is always present in the 
transmission medium a certain amount of stray wave energy which 
tends to interfere with the proper reception of the message-carrving 
waves. It is necessary that the communication waves arrive at the 
receiving end of the system with such power as to be large compared 
with the interfering waves by a factor determined by the type and 
grade of communication involved. Inasmuch as the stray energy 
always has some finite value, this requirement of freedom from inter- 
ference will determine in the radio case as well as in some types of 
Wire transmission the minimum wave power required at the receiving 


end of the transmission system. 
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In the wire system the minumum power requirement may be 
expressed directly in terms of a power, or as itis usually a current, 
in the receiving apparatus, the “transfer” between the line and the 
receiver being a constant and ethcient relation. In radio the power 


delivered out of the ether or “line’’ into the receiving antenna Is so 


RADIO TRANSMISSION LEVEL DIAGAM 
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largely a function of the antenna dimensions that it is necessary to 
express the necessary received power in terms of the received field, 
usually, simply as a field intensity and mot as a certain current in 


t 


the terminal apparatus. Of course, the transmission loss occasioned 


by getting from the “ether” into the receiving circuit does not affect 
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the interference relation but merely the absolute amount of terminal 
amplification required. On the other hand the transmission loss 
oceasioned by getting into the “ether” at the sending end affects 


the interference relation vitally, as we shall see. 


PRANSMISSION LEVELS 


Phis necessity of having to keep the power of the received waves 
above the interference level may be visualized by reference to Fig. 4. 
Here we have what in wire practice is called a “transmission level” 
diagram. Such a diagram is useful in showing what goes on in the 
system from the power and interference standpoints. The vertical 
scale is plotted in terms of the transmission level expressed as the 
logarithm of the current or field intensity ratios, and the horizontal 
scale represents progression along the system. lor illustration 
purposes, the presence of interference is indicated at the bottom of 
the transmission-level scale by the shading. 

Tracing thru the diagram we proceed as follows: 

The point of “zero “level is taken roughly as that corresponding to 
the power delivered into a telephone circuit br a certain telephone 
transmitter when spoken into by the average talker, and is here taken 
to be OOF watt. As the voice currents are amplified to power pro- 
portions in the transmitting station, at the left, the transmission level 
is greatly increased, as illustrated by the vertical jump in the curve. 
The amplitied voice currents are assumed to be converted by modula- 
tion into high frequeney currents at this high power level and put into 
the antenna. The high frequency loss in the antenna system is in- 
dicated by the perpendicular jog in the curve. The drooping-off curve 
then commences, starting with a point which represents the power 
usefully applied to the ether in accordance with the expression /°R, 
where / is the antenna current and R is the radiation resistance. 
The level curve falls off in) accordance with the transmission loss 
curves previously discussed, as it) extends across the transmitting 
medium to the receiving station. Tt will not do to permit the trans- 
mission level to fall as low as that of the interference, so | have shown 
that the transmission reaches the receiving station before dropping 
down very far into the interference level. At the receiving point a 
further transmission loss occurs in getting into the receiving antenna 
circuit, shown by the drop in the curve, but this loss obtains for the 
interference as well as the desired signals and does not affect. the 
interference ratio. The terminal amplification brings the level up 
to that required for suitable audition and the difference between 




















where this level leaves off and the original zero level 


Meastires the 
over-all transmission equivalent of the circuit. shown in this case as 
I, e 


about log 0.57 or about 12 miles of standard cabl 


; 


responds to a current ratio of about 4, a value ample tor P* talk.” 


Phis cor 


Loo 
Of course, in a one-way circuit: the terminal amplification can be 


raised to any value desired. In a two-way circuit, however, a limit 
in the terminal amplification is imposed by interterence between the 
two transmissions, as will be understood subsequent! 


We may make the following usetul observations trom this curve 


1. The net transmission equivalent: represents the difference be 
tween the over-all loss and the over-all gain 
2. The over-all gain is divided between the transmitting 


ceiving ends. We should like to throw as muc h >t this 


ind re 


amplitica 
tion as possible to the recelving end because ot the CCOMOMLYN 
with which amplification can be provided at low powers 


3. The extent to which we can do this, however, ts distinetly limited 


by the fact that the transmission level obtaining at the receiving 


end in the transmission medium must be held above a certain 


amount in order to overcome interference 

tf. It is, then, the absolute intensity of the interference which 
determines the receiving power level required, and in turn this 
together with the attenuation back to the transmitting station 


which determines the transmitting power required 


Thus the two transmission features most fundamentalls 


Mportant 
ina radio communication svstem are (1) the interterence 


2) the transmission loss thru the medium. These once 


le vel and 


CIV n, the 


other engineering considerations follow naturally Phere are an- 


alogously fundamental factors in wire communication systems. It 


the latter case, however, the art has advanced to a point where means 
of controlling the interference level are available, so that the ratio of 
interference to transmitted power mav be made small by decreasing 
the former rather than increasing the latter. 


MINIMUM “TRANSMISSION LEVELS OBTAINING INO PRACTICI 


The working value which should be assumed for the 


ratio between 
the transmission level of the received signals and the interference, 
depend upon the type of communication involved, whether it is 
telephone or telegraph, for example, and upon the grade of service 
to be given. There is a wide difference between the transmission 
level which will enable telephonic signals to be barely discerned by an 
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expert ear and that which is required for a public service communica- 
tion system which must provide suthcient operating margin to enable 
the average person to converse with ease and certainty under all 
ordinary conditions. Under favorable static conditions, the trans- 
mission level can be permitted to fall to extraordinarily low values. 
When this condition is accompanied by a substantial reduction in the 
effective attenuation, which sometimes occurs at short wave lengths 
especially at night, apparently due to the effective absence of either 
absorption, then it) becomes possible to “vet thru’? over relatively 
long distances with powers diminutive as compared with those re 
quired for giving a regular service. With these exceptional trans- 
mission conditions we are, of course, familiar. “Phey are exemplitied 
by the long distances reached at night by the amateurs, as across the 
\tlantic, and by the hearing of the normally 30-mile (48 km.) Catalina 
Island) system in) Australian waters. The transmission curves of 
Fie. 3 account for these unusual long distance transmissions if we 
assume that the attenuation due to absorption is climinated on these 
occasions by some natural cause. Thus, at 3,000 miles (4,800 km. 
the curves tor 1,000 kilocyveles (300 meters), for example, show that 
were the absorption climinated, the transmission equivalent would be 


improved by the difference between about LOLS and 5.2 for log; 


or 5.0, an improvement equivalent to a litthe over 100 miles ot 


standard cable The remaining or purely spreading out loss of about 
5 units, or LOO miles of standard cable. is then taken care of by the 
scnding and receiving amplification. 

Interference may occur in either or both of two ways by the 
interference level rising to a point Comparable with the normal trans- 
mission level at the receiving end of the ether circuit, or by the 


the waves themselves dropping so low, due to 


transmission level of 
EXCESSIVE atmosphre ri ‘absorption, as to fall below that of the atmos 
pheric disturbances. kor rehable transmission it is necessary, there- 
fore, to deliver normally at the receiving end, a wave intensity suth- 
ctent to allow tor the fluctuations which occur in atmospheric absorp- 
tion and in the intensity level of the atmospherics. The importance 


t working to transmission level standards which give an adequate 


operating margin against: interference, for the types of service re- 
quired, will be appreciated from the foregoing. The following values 
of minimum transmission levels will be of value to know: 


a) kor carrier wire telephone transmission at frequencies in’ the 


tens of thousandths of eveles, the limiting interference may be 
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our old friend “ static’ or some interference is experienced 
from high frequency transients in power systems. Unless the 
lines are especially well transposed for these frequencies, the 
interference requires that the transmission level be kept above 
a minimum value of the order of log ] 1.2 (about 25 
miles of standard cable below zero level). 

(b) While for radio telephone transmission the available data are 
as yet very meagre, we have obtained a few order-of-magnitude 
figures which should be of interest. For the Catalina Island 
radiophone system, for example, the minimum field intensity 
is estimated at roughly 1,000) microvolts per meter. The 
circuit is sometimes quite noisy during the summer months 
altho not) prohibitively so. In our ship-to-shore radio tele- 
phone experiments along the Atlantic coast, we have on occa- 
sions worked with lower field intensities, as low as 100 micro- 
volts per meter. The latter figure, however, gives a grade of 
service far below wire standards. 

c) The best data on the minimum permissible transmission level 
for radio telegraphy are those obtained from the experience in 
trans-Atlantic telegraph operation. The figures prevailing 
for present trans-oceanic radio-telegraph operation are under- 
stood to he in the order of 10 to 100) microvolts per meter, 
depending upon individual cases and the time of the vear. 


THe Nr&t PRANSMISSION EQUIVALENT 


The net over-all transmission equivalent of the system is measured 
by the ratio of the transmitted to the received signaling power, and is 
shown in Fig. 4 as the difference between the transmission levels at 
the two ends. This relatively small loss represents the difference 
between two large values, the transmission loss and the transmission 
gain thruout the system. Relatively small changes in either the at- 
tenuation or amplification may, therefore, cause large changes in the 
net equivalent of the circuit, thus tending to give rise to instability 
in the transmission performance of the circuit. 

This problem of fluctuation becomes very serious with the use of 
very high frequencies, whether transmitted by wires or by radio. 
Were we to attempt to employ, for example, a million cycles for wire 
carrier transmission over considerable distances, as has been proposed, 
not only would the losses be very large, but they would be unstable, 
changing with weather conditions, so that the maintenance of a 
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constant volume of transmission would become extremely difficult. 
Similarly in radio transmission, the fluctuations in the ether attenu- 
ation, particularly at short wave lengths where over long distances 
we experience the well known “swinging” or fading effects, render the 
maintenance of a satisfactory volume of transmission a difficult 
problem. As noted above these fluctuatians, particularly as between 
day and night transmission with very high frequencies, may be 
enormous. 

It is of value to the radio engineer to have some idea of the over-all 
circuit transmission equivalents which are necessary for satisfactory 
telephone communication. In the wire telephone art, the maximum 
equivalent between subscribers is ordinarily taken as about 30 miles 
of standard cable or logy ] L4. Under quiet conditions, con- 
siderably larger transmission equivalents can be talked over. The 
long distance toll) lines) themselves are usually designed for 
transmission equivalents of 0.5 to 0.75 or 10 to 15 miles of standard 
eable. These figures will serve as a general guide for the transmission 
equivalents which radio telephone circuits should provide. Where a 
radio circuit forms a link in a direct wire circuit as, for example, in 
the case of Catalina Island, it is desirable to work the radio link as 
close to a zero equivalent as possible, that is, to give out at the receiv- 
ing end a volume nearly equal to that fed in at the transmitting end. 


Two-Way OPERATION 


When the two one-way radio channels are merged at their two 
ends into a regular telephone circuit for connection to the wire net- 
work, as illustrated in Fig. 5, then there is a limit in the transmission 
equivalent which can be given over the radio part of the circuit. 

This limit will be appreciated by reference to Fig. 5. [It is im- 
posed by the tendency of the two one-way channels to form a round- 
trip circuit by “‘feeding-back” from one to the other via the voice 
frequency connecting circuit. Tf the total amplification around the 
circuit including the voice-frequency line, exceeds the total losses in 
the circuit, “singing” will result. Were no line balance provided at 
the voice frequency terminals, then it would be impossible to operate 
the circuit at a zero equivalent. By setting up a balancing circuit at 
each end in the manner illustrated, a transmission loss is, in effect, 
inserted between the sending and receiving sides of the voice circuit 
which tends to prevent this sing-around action. Actually, there is a 


limitation in the degree of balance which can be realized between the 
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telephone line and the balancing network, especially it the telephone 
line is to be switched at a nearby central ottice, and this factor, to- 
gether with the margin of safety which is required between the oper- 
ating condition and the singing condition, prevents the radio channels 
from being operated much better than the zero equivalent. This 
whole matter of realizing in practice an adequate transmission equiva- 
lent, will be appreciated to be an especially ditheult problem in the 
case of marine radio telephony, where the connection is switched 
from one vessel to another at varying distances. 

It should be noted further, with reference to two-way operation, 
that the difficulty of effecting simultaneous sending and receiving 


at a station arises primarily from the large attenuation which must be 
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overcome and the resulting large ratio between the energies trans- 
mitted into and received from the ether. Phe receiver must be pre- 
vented from being overloaded by the home transmitter and this, 
in general, requires that there be provided between the high frequency 
side of the transmitter and that of the receiver, a transmission loss 
comparable in size to that obtaining over the radio circuit itself. This 
“separating transmission loss is ordinarily provided (a) by fre- 
quency-selecting circuits (tuned circuits and filters), the sending and 
receiving transmissions being placed on different frequencies; (b) by 
balance, as when using the blind spot of a loop-antenna receiver, 
and (c) by spatial separation between sending and receiving points, 


where the large step-off loss is used to advantage. 
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TRANSMISSION LEVELS ON COMBINATION WIRE AND. Rapio 
TELEPHONE SYSTEMS 


It will be of interest to trace thru the approximate transmission 
levels which obtain for a radio system linked up with a long repeat- 
ered land line system. 

In Fig. 6, there is taken a rather striking example of this case in 
the transcontinental telephone line as connected up to radio ex- 
tensions at its termini to Catalina Island on the Pacific and to a 
vessel at sea on the Atlantic. The transmission illustrated is that 
occurring from east to west. The voice currents start out from the 
vessel at zero level, are amplified to a relatively high level and upon 
being transmitted to the shore 150 miles (240 km.) away, drop to a 
very low level. At the shore radio station they are boosted up, at 
New York amplified again, and put upon the transcontinental circuit. 
Regularly at about 300 miles (480 km.) the telephone repeaters pull 
back the transmission level to about its original value. In the radio 
link at the western end the currents are again amplified to a high level 
at the transmitting station, drop down to a very low level at the re- 
ceiver and are brought back to a level at which they can be heard. 
Actually in the receiving telephone the transmission ts about logy 
I) 

) 


= 1.2 below zero level, or roughly 25. miles of standard cable 


“down.” The total loss and the total gain.in the circuit is enormous, 
as is shown by the figures given in the diagram. This is a rather 
striking illustration of the extent to which amplification properly dis- 
tributed and maintained can be used to overcome attenuations enor- 
mous in the aggregate. Just to give a better idea of what these values 
of attenuation and amplification mean, it may be noted that were it 
necessary to supply at the transmitting end all of the amplification re- 
quired for delivering this volume of transmission to the receiving end 
thru the combination circuit, the kilowatts required would be mec sured 
by a twenty-nine place figure, an amount of power unavailable in 
the world. The importance of correctly distributing the amplifica- 
tion along the system is well illustrated by this figure by comparing 
it with the signaling power actually represented in the system, which 
sums up to something less than 1 kilowatt. The difference is simply 
a question of the transmission level at which the amplification is 
worked. 

Fig. 7 gives a view of the interior of one of these radio telephone 
stations of the American Telephone and Telegraph Company and 
Western Electric Company. It is located at Deal Beach, New Jersey. 
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In the foreground is the switchboard for enabling the operator to 
control the radio-wire circuit at the connecting point. In the back- 
ground are the transmitter units-—-four of them. These, together 
with the four antennas with which the station is equipped, “‘ multiplex ”’ 
the ether, in effect, and permit four channels to be established to as 
many distant stations. It is intended that three of these be tele- 
phone talking channels and the fourth a signaling or a reserve talking 
channel. The receiving station is located at another point. It is 
not desired to describe this station in any detail but merely to illus- 
trate it as an example of a radio repeating station functioning to 

















Fig. 7 


connect the wire system with ships at sea and capable of effecting 
simultaneously three different connections. It is hoped that this 
ship-to-shore development may be itself the subject of an /nstitute 
paper. 


INTERMEDIATE REPEATERS 


The transcontinental line with radio extensions as shown in Fig. 6 
is a good illustration of the use of intermediate repeaters generally. 
Two types of repeaters are represented, the straight wire telephone 
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repeaters and the shore radio stations which are in etfect huge re- 
peaters relaying between the land line and the radio circuits. 
Because of the moderate attenuation Gbtaining in the wire trans- 
mission system, we can work with fairly long repeater spacings, about 
300 miles in this case, and with moderate amounts of power and vet 


keep. the transmission levels at the receiving end relatively much 
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higher than is usual in radio systems. Due to the large attenuations 
obtaining over the radio extensions, the radio repeaters must put out a 
high transmission level, making them costly, and even with this rela- 
tively high output, the level drops to very low values at the receiving 








136 BELL SYSTEM TECHNICAL JOURNAL 


end. This falling off occurs largely in the get-away loss at the trans- 
mitting end of the radio circuit, as the diagram indicates. 

Fig. S depicts an all-radio system provided with intermediate 
repeaters and compares for illustration purposes the transmission 
levels obtaining therein with those for a wire system. The solid 
lines are for radio and the dash for wire. It will be seen that the 
radio system courses thru wide transmission level variations as com- 
pared to the ordinary wire system due to the large attenuations 
obtaining and particularly to the large step-off loss near the sending 
station. 

The figure illustrates the same spacing for both radio and wire 
repeating and gives a measure of the difference in amplification 
required in the two cases. Altho in the radio repeaters the level 
can be permitted to drop to low values, nevertheless a large part of 
the total amplification has to be supplied at relatively high power 
levels and it is this fact, together with the antenna structures required 
at each point to “yet into” the ether transmission medium anew, 
that militates against the economics of radio repeaters as compared 
with straight-away radio transmission. The tendency will be to 
“stretch out” the straight-away transmission due to the fact that 
for the longer distances the transmission loss increases relatively 
slowly. While we may look for some important uses of radio re- 
peaters in special cases, we should not, in general, expect them to be 
as important to the radio art as are wire repeaters in wire operation. 


TRANSMISSION OF SIDE BAND WitHoutT CARRIER 


In dealing with the subject of power levels in radio transmission, 
it is important to recognize that a modulated radio telephone wave 
consists of two components, one, the carrier frequency itself and the 
other, the so-called side bands, which are the actual modulated 
components. This resolution of the modulated carrier into two 
or, rather, three components, the carrier and two side-bands, has 
been given mathematically a number of times and need not be re- 
peated. It is physically analogous to the resolution of the uni- 


directional current of a microphone transmitter into direct current 
and alternating current components, the direct current corresponding 
to the carrier and the alternating current to the modulated components 

Now, the important thing about this matter of side bands and the 
unmodulated carrier component, with reference to transmission 
considerations, is this, that it is the side bands alone, and not the 
carrier, which convey the actual intelligence. The function of the 
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carrier comes in merely at the receiving end, in the detector, as a 
means for translating the side band from radio frequency back to 
audio frequency. 

This will be made clearer by reference to Fig. & At the bottom 
of the figure is shown schematically a one-way radio system. Above 
it is depicted the voice-frequency band, showing the manner in which 
it is shifted by modulation up to the carrier frequency range, and at 
the receiving end, by detection, back to the voice frequency range. 
The voice frequency band, as it comes out of the ordinary telephone 
transmitter, is shown at (/;) at its normal telephone-frequency post- 


RADIO iivocsnicicis WITH CARRIER AND _ BAND SUPPRESSION 
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tion. Upon modulation with the carrier the reference point of the 
voice frequency band is shifted from zero frequency (direct current) 
up to the carrier frequency as shown at /. where the two side bands 
appear. The effect of modulation is, therefore, simply to shift the 
band of signaling frequencies upward in the frequency range and 
refer it in a double relation to the carrier frequency. 

Located between the upper and lower side band in the figure, 
there is indicated the unmodulated component of the carrier. The 
fact that this component is unnecessary so far as the actual intelli- 
gence-carrying energy is concerned, is proven by the fact that it 
need not be transmitted to the receiver. The carrier may be sup- 
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pressed as shown at )y. A means for doing this is the Carson balanced 
tube modulator circuit illustrated below in the figure. 

A reduction of the total band can be effected by filtering out one 
of them as shown at /)y. The remaining single band is the simplest 
component of the modulation process with which intelligence can 
be transmitted to the distant end. Upon arriving at the receiving 
end at };, this side band is fed into the detector along with a carrier 
of the same frequency as that emploved at the sending end; these 
two components demodulate one another, with the result that the 
side band is shifted down to its original audio-frequency position in 
the scale, as indicated at Deg. 

Actually this general method of transmission, involving both 
carrier suppression and side band elimination, is being employed in 
wire Carrier systems in the Bell Telephone Plant.® It is briefly ex- 
plained here because it represents a valuable improvement in wire 
transmission which should have important application in radio. 

From the standpoint of transmission levels its application is in 
showing that the real intelligence-carrying component of a radio wave 
is the side-band and not the carrier itself. In considering transmission 
levels accurately care should be taken, therefore, to deal in’ terms of 
the level or wave-intensity of the side-band component and not the 
carrier. It is because of this that as nearly complete modulation 
as possible is desired at the transmitting station. 

It follows that the power resident in the carrier is a pure waste in 
so far as overcoming interference is concerned. An important power 
saving can be effected in the transmitting station by providing some 
such means as its illustrated whereby the carrier power is held back 
in the circuit. The two side-bands together can never be greater in 
current and voltage value than the carrier, and each side-band alone 
cannot be greater than half the carrier. The power of the carrier is 
therefore always at least four times the power of one side-band or 
twice that of both together. Thus by ‘ holding-back " the carrier 
at the transmitter we can transmit with but one-third the power 
ordinarily required. Actually the power saving is much greater 
than this because of the necessity of normally working with larger 
ratios between carrier and side-band in order to accommodate the 
peaks of the telephone waves and thereby preserve the quality of 
transmission. The power saving is, of course, especially important 
in long distance work. 

The suppression of one of the two side-bands halves the frequency 

ae 


Carrier Current Telephony and Telegraphy,’”” by Colpitts and Blackwell, 
Journal of the American Institute of Electrical Engineers, February 16-18, 1921. 
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band required for transmission and would double the message-carrving 
capacity of the ether were no frequency range required to space the 
channels apart. This advantage of the present method is likewise of 
special importance in long-distance-long-wave transmission. 


QUALITY OF TRANSMISSION 


We have spoken above of factors concerned with the volume of 
transmission and only incidentally of that other requisite of trans- 
mission, namely, good quality. Without going into this matter in 
much detail, it will be well to make note of the several factors in- 
volved in obtaining good quality, as follows: 

lL. It is important that a substantial band of voice frequencies be 
transmitted. Of course, distorted talk can be transmitted on a 
relatively narrow band, but commercial transmission has been found 
to require a single side-band width of the order of 2,000 or more 
evcles, the band width increasing with the quality desired, up to 
about 5,000 cvcles. 

2. It is necessary that the distortion which is due to non-linearity 
of transmission with respect. to amplitude, be avoided. This is 
equivalent to saying that there should not be permitted to take place 
self-modulation between the components of the side-band, nor the 
too close cutting-off of the peaks of the telephone waves due to satura- 
tion effects. 

3. The transmission must be kept free from = interfering noises. 
The ratio between interfering noise current and voice currents of the 
order of 0.1 is regarded as large in wire practice. While this amount of 
interfering current will not prohibit service, it does seriously impair the 
effectiveness of transmission and annoys the listener. In radio the 
ratio of static noise to signal strength is very often much greater than 
this value. As the radio art progresses it will be necessary to work 
toward standards more nearly in keeping with those which have been 
found necessary for wire service. 

The writer wishes to express his indebtedness to the following of 
his associates for helpful suggestions and assistance Messrs. J. R. Car- 
son, Ralph Bown, and 1D). K. Martin. 


APPENDIX 


The curves of Figs. 2 and 3 are based upon the following equations 
and data: 
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The radio curves are based on the familiar Austin-Cohen formula; 


78x10" h, h, f I, 
= Rd : 


—6 
44x10 dvif (1) 
where J = amperes 
= ohms 


= cycles 


I 
R 
h = meters 
f 
d 


= miles 


Taking equal antenna heights at two ends A, = A,. 

As regards antenna resistance we assume symmetry as between 
the two ends, and that the external (radiation) resistance of the an- 
tenna equals the resistance within the antenna (which resistance 
would be internal apparatus resistance in the case of a perfect an- 
tenna). This makes F&, (radiation resistance) = R, (ohmic resistance); 
and R of (1) becomes = R, + R; where: 


R, = 17.8x 107% hep, (2) 


Expressing in terms of current ratio and substituting values of R, 
equation (1) becomes, 


= 455 x 10-'fd. e ae ee (3) 


In order to plot this equation on the same basis as we usually plot 





wire attenuation, the logarithm of the ratio is used, thus; 


I, 4.4 x 107° 
log; = log,, 45.5 xX 10-*fd + ~ d f 4 
git ia iam 6° 4) 
which is the equation of the curves plotted. 
The ratio of the currents in the two antennas is in this case a true 
measure of the transmission because they are in circuits of equal im- 
pedances, by the assumption of antenna symmetry. 


DATA FOR THE WIRE CURVES 


eit 4 G {L 

a= = 4 

INL” 4c 
kor number 8 Birmingham wire gauge open wire (diam. = 0.165 
in, = 4.19mm. wire spacing = 12 in. = 30.5 em. 40 poles per mile) 


dry weather, the constants per mile are; 
L = 3,870 uh. 
i 9,140 puf. ' 


I 


\| 
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l 
R= 0.14 
G = 0.55 
a = 0.003488 


* Estimated. 





Frequency, Kilocycles 


20) 100 L000 
10.0 25 65.7 
10.0 *50.0 *500.0 
0.0112 0.03289 0.2059 
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\ I 1] 14] 


ohms per loop mile 


“Ohms per loop mile 











A Low Voltage Cathode Ray Oscillograph ' 


By J. B. JOHNSON 


Synopsis: A> sensitive cathode ray oscillograph is described which 
operates at the low potential of from 300 to 400 volts. The electron stream 
comes from a thermionic cathode and is focused by the action of ionized 


gas in the tube Phis gas, at a pressure of a few thousandths of a milli- 
meter, serves to reduce to Imm, diameter a spot which would be 1 cm. 
across in a high vacuum tube. The sensitivity of the tube is such that 


the detlection of the spot is about 1 mm. per volt applied between detlector 
plates. When using magnetic detlection, a pair of coils 4 cm. in diameter, 
placed on the sides of the tube produces a detlection of approximately Ll mm 
per ampere-turn of the coils. —Fditor, 


P aptaleaenaa ray oscillograph tube operating at a compara- 
tively low voltage was described by the writer some time ago 
before the American Physical Society.2 Since then, the tube has been 
further improved and its operation studied so that now both the 
structure of the tube and the principles which have made the con- 
struction possible can be described in greater detail. 

In the older types of Braun tubes the electron stream is produced 
by a high voltage discharge through the residual gas in the tube. 
This requires a source of steady potential of from 10,000 to 50,000 
volts, an installation which is expensive, non-portable, and dangerous. 
In the new type of tube the low voltage operation has been obtained 
by the use of a Wehnelt cathode as the source of electrons, so that the 
lower limit of voltage is set by the effect of the electrons on the fluores- 
cent screen and not by the voltage needed to obtain the electrons. 
At 300 volts the electrons produce quite bright fluorescence on the 
screen and the tubes are therefore designed to operate at 300 to 400 
volts. 

The external appearance of the tube is shown in Fig. 1. The 
electrodes are located at one end of the pear-shaped bulb, and the 
fluorescent material is deposited on the inside of the larger, flattened 
end. The tube is provided with at base which fits into a bayonet 
socket such as is used for vacuum tubes, and all the connections are 
made through the base. There are two orthogonal pairs of deflector 
plates inside the tube for electrostatic deflection, while magnetic 
deflection is produced by applying a field from the outside. 

The internal structure differs considerably from that of previous 
forms of Braun tube ard it will therefore be described somewhat 


fully. 


1 Also published in the Journal of the Optical Society of America and Review of 
Scientific Instruments, September, 1922. 
2 Phys. Rev. (2), Vol. 17, p. 420, 1921. 
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THE FOCUSING 


In some forms of Braun tube a sharp spot has | een secured by using 
a very high voltage, and therefore high clectron velocity, so that 
after the electrons have passed through one or two fine apertures 
to make the beam parallel there is not time enough for the mutual 
repulsion to spread the beam again appreciably before the electrons 
strike the screen. With other tubes an external “striction” coil has 
been used which maintains a strong longitudinal magnetic field in the 
region between the anode and the cathode and which brings the 
electrons to a focus on the screen. In the low voltage tube the spread- 
ing of the electron stream is greater than in high voltage tubes because 
of the greater time during which the mutual repulsion of the electrons 





Fig. 1 


acts, so that some means of focusing must be used. The electrons 
can be brought to a focus by a longitudinal magnetic tield so adjusted 
that each divergent electron makes very nearly one complete turn of 
a spiral and in travelling the length of the tube returns to the axis at 
the screen. In this way a very sharp spot can be produced, but the 
sensitivity of the beam to deflection is reduced very much by the 
directing magnetic field. 

The method of focusing that is used in the present tubes grew out 
of the suggestion by Dr. H. J. van der Bijl, that a small amount of 
gas be introduced into the tube. This gas, at a pressure of a few 
thousandths of a millimeter of mercury, serves to reduce to 1 mm. 
diameter a spot which would be 1 cm. across in a high vacuum tube. 
The sharpness of the spot depends also upon the current in the electron 
stream so that the focus may be controlled by the cathode temper- 
ature. The mechanism of this focusing action will be explained later. 

The presence of this slightly ionized gas also serves the purpose of 
preventing the accumulation of charges on the glass, and it provides 








144 BELL SYSTEM TECHNICAL JOURNAL 


for the discharging of the fluorescent screen so that the electrons can 
drift back to the metallic circuit. 


THE ELECTRODE UNIT 


With gas present in the tube, steps have to be taken to guard against 
arcing and the injurious effects of positive ion bombardment on the 
cathode. This is done by making the volume of gas surrounding the 
electrodes very small. For this purpose the cathode and anode, 
themselves small, are sealed into a short and narrow glass tube so 
that the volume exposed to both electrodes in common is less than 
L cu. cm. All paths between the electrodes are then so short that at 
this low pressure there is not sufficient ionization to build up an arc. 

The structure of this unit, or “electron gun” is shown in Fig. 2. 
The cathode, f, is an oxide coated platinum ribbon of the same kind 


BRAUN TUBE ONIT 





as the filament in our audion tubes. The anode, a, is a thin platinum 
tube 1 cm. long and 1 mm. in diameter, one end of which is about 
1 mm. from the top of the filament loop, the other end opening into 
the main tube towards the fluorescent screen. Between the cathode 
and the anode and connected to the cathode is a metal shield, s, with 
a small aperture through which the electrons must pass in going to the 
anode. Nearly all of the electrons must then go to the inside of the 
tubular anode, and a small fraction of them pass through the whole 

















length of the anode and form the beam in the main part of the tube. 

The deflector plates, p, are also mounted rigidly on this unit. In 
order to avoid large differences of potential in the tube, one plate from 
each pair is permanently connected to the anode, the variable poten- 
tials being applied to the other plates. The complete unit is mounted 
at the small end of the tube with the anode and detlector plates toward 
the fluorescent screen. 


THE FILAMENT 


In some early forms the filament was bent into a simple hair pin 
loop which was placed close to the aperture in the shield. It was then 
found that the positive ions striking the filament from the direction 
of the anode soon destroyed the oxide coating and left the filament 
inactive. This trouble was largely overcome by placing the filament 
out of the direct path of the positive ions. The flat filament is now 


shaped into a ring as shown in Fig. 3, slightly larger in diameter than 


BRAUN TUBE FILAMENT 


, 











the aperture in the shield and is placed coaxial with the anode. The 
momentum of the positive ions then carries them past the active 
part of the filament and they strike where little damage can be done. 
The length of service of the tube is still limited by the filament life, 
but this has been increased by the above artifice so that the tube now 
gives around 200 hours of actual operation. 
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THE DEFLECTOR ELEMENTS 


The deflector plates are made of German silver, which is non- 
magnetic and which has a high specific resistance that diminishes the 
effect of eddy currents when magnetic deflection is used. The plates 
are 13.7 mm. long in the direction of the tube axis and the separation 
between them is 4.7 mm. 

The sensitivity of the tube is such that the deflection of the spot 
is about one mm. per volt applied between the deflector plates. When 
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using magnetic detlection, a pair of coils 4 em. in diameter placed on 
the sides of the tube at the level of the deflector plates produces a 
deflection of approximately 1 mm. per ampere-turn flowing in the coils. 

The electrons striking the screen drift back to the anode structure, 
and most of them are collected by the deflector plates. There is also 
a small ionization current flowing to the plates. The tube is therefore 


not strictly an electrostatic device, and this must be kept in mind 
when using it. Fig. 4 shows the current flowing to the two free plates 
at various voltages with respect to the anode. With the large posi- 
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tive values of plate voltage the current to the plates is practically 
equal to the current in the electron stream and consists largely of the 
returning electrons. The small current in the other direction when 


the plate voltage is negative is a measure of the ionization in the tube 


THE FLUORESCENT SCREEN 


The screen is spread on the inner surface of the large end of the 
tube, using pure water glass for binder. The active material consists 
of equal parts of calcium tungstate and zine silicate, both specially 
prepared for fluorescence. This mixture produces a generally more 
useful screen than either constituent alone. The pure tungstate 
gives a deep blue light which is about 30 times as active on the photo- 
graphic plate as the vellow-green light of the silicate, while the silicate 
gives a light which is many times brighter visually than that trom the 
tungstate. By mixing the two materials in equal parts a screen is 
produced which is more than half as bright visually as pure zine 
silicate and more than half as active photographically as pure calcium 
tungstate. 

For mechanical strength the end of the bulb which carries the screen 
is rounded outwards so that the screen is not a plane surface. This 
introduces a distortion of the fluorescent pattern which in most in- 
stances is negligible. If the pattern is recorded by a camera whose 
lens is ) em. from the end of the tube, then the apparent reduction 
of the deflection produced by the curvature of the bulb is given in 
terms of the deflection y approximately by 
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THE FUNCTION OF THE GAS 


The part which the gas plays in focusing the beam of electrons 
is an interesting phenomenon which depends upon the difference in 
the mobilities of electrons and positive ions. The electrons of the 
beam are pulled toward the common axis by a radial electric field 
produced by an excess of positive electricity in the electron stream 
and an excess of negative electricity in the space outside the beam. 
This distribution is produced as follows: Some of the electrons of 
the stream, in passing through the gas, collide with gas molecules 
and ionize them. Both the colliding electrons and the secondary 
electrons leave the beam but the heavy positive ions receive very 
little velocity from the impact and drift out of the beam with only 
their comparatively low thermal velocity. Positive ions, therefore, 
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accumulate down the length of the stream and may exceed in number 
the negative charges passing along. At the same time, electrons are 
moving at random outside the stream, producing negative electrifica- 
tion. There is then a field surrounding the stream which tends to 
pull the electrons inward. If there were only the mutual repulsion 
between the electrons to compensate for, this would be done when 
the number of positive ions in the beam equals the number of electrons. 
There is in addition an original divergence of the beam which must be 
overcome. If this divergence is assumed to be one degree from the 
axis and the electron current 2x 107° amp., then a simple calculation 
shows that the radial field required to pull the beam to a focus at the 
usual distance is about one volt per em. This field strength is pro- 
duced, with beams of the ordinary intensity, if there are four positive 
ions for each electron in the stream, a condition which seems not 
unreasonable. 

The number of ions per electron in the stream is probably constant 
as the current in the stream is varied, since the conditions of collision 
and recombination are not altered. When the current is increased, 
therefore, the total positive ionization of the beam increases, the field 
around the beam becomes stronger, and the electrons are brought to 
a focus in a shorter distance. 

These deductions have been confirmed experimentally. That the 
focusing of the stream depends upon the current flowing was one of 
the earliest observations made in developing the tube and this method 
has been used ever since to obtain a sharp spot. The point of con- 
vergence can be seen moving in the manner expected when the current 
is changed, and the effect has been further verified by using a tube with 
a movable fluorescent screen so that the length of the electron beam 
could be varied. The presence of the electric field around the beam 
was shown by the effect of two beams on each other, in a tube in 
which there were two electron streams crossing each other at right 
angles at their mid-points, each falling on a fluorescent screen. When 
one beam was moved away from the other by a field between the 
deflector plates, the second beam moved as if attracted by the first. 
The directed electrons in each beam were attracted toward the posi- 
tive ionization in the other, and for one particular adjustment of the 
tube the displacement was such as would have been caused by a 
held of about 3 volts per cm., a result not far different from that 
previously calculated. 

Since the beam must produce its own positive ionization some time 
must elapse before it can produce by collisions the required number 


of positive ions. Calculation shows this time to be of the order of 
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10-* second. When the beam moves it has to build up the ionization 
as it goes along, and we should expect that when detlected very 
rapidly it might no longer be focused, due to lack of positive ions in 
its path. A test was made of this by applying a high frequency 
potential on the detlector plates so that the spot deseribed an elliptr 
pattern. At a frequeney of 10° eveles per second the line was still 
sharp, but at 10® eyveles there was a noticeable widening of the line 
which is probably to be ascribed to imperfect) focusing at this high 
apeed. 

In these experiments the evidence all points to the view that the 
focusing of the electrons is caused by an excess of pr sitive charge in 
the beam itself, produced by ionizing collisions of the electrons with 
the gas molecules. Further confirmation is found in the fact that a 
focus is much more readily obtained in the heavier gases having slow 
molecules, such as nitrogen, argon or mercury vapor, than in hydrogen 
and helium where the mean velocity of the molecules is greater. The 
tubes are therefore filled with argon, the heaviest available permanent 
gas which does not attack the electrodes. The best pressure for the 
length of tube adopted and for the current which can be obtained 
in the beam is 5 to 10 microns, and this leaves considerable latitude 
for the adjustment of the electron current to get a sharp focus. 


EXAMPLES OF THE Usk oF THE Tub 


Because of the small amount of auxiliary apparatus required with 
this form of Braun tube it has proved to be a very convenient labora- 
tory instrument. It has found application in studying the behavior 
of vacuum tubes and amplifier and oscillator circuits, of gas discharge 
tubes, of relays, and of numerous other kinds of apparatus, both at 
low and at high frequencies. Some reproductions of photographs of 
various types of curves are given below to illustrate the kind of results 
which are possible with this oscillograph. 

hig. 5 shows the hysteresis curve of a sample of iron wire. The 
wire was placed in a small solenoid with one end toward the side of 
the tube. The magnetizing current passed through a_ resistance, 
the voltage drop of which was applied to one pair of deflector plates 
so as to give a deflection proportional to the magnetizing field. The 
stray magnetic field from the iron itself produced the deflection 
proportional to the induction. Alternating current was used, and 
the exposure was 20 seconds with lens opening f 6.3 and speed roll 
film. 

In Figs. 6a and 6b are shown the current-voltage relations of an 
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oscillating vacuum tube. The axes were obtained by grounding one 
or the other deflector element. 


The measurement of modulation in a radio transmitting set has 





Fig 


been reduced to a fairly simple process by means of the cathode ray 
tube. The low frequency modulating voltage, controlled by the 


Ee 


Fig. 6 
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voice, is applied to one pair of deflector plates, while the radio fre- 
quency output, with amplitude varying according to the low frequency 
voltage, is applied to the other pair of deflector plates. The resulting 
pattern on the sereen is a quadrilateral of solid fluorescence, since the 


two frequencies are not commensurate. The two vertical sides 
indicate the greatest and the least amplitude of the high frequency, 
while the other two sides show the current-voltage characteristic of 
the transmitter. Fig. 7 shows such a pattern (retouched), the edges 
being much brighter than the centre. The exposure was two minutes 
using a Seed 28 plate and f 6.8 lens opening. 
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